TOPOLOGICAL TORIC MANIFOLDS 



HIROAKI ISHIDA, YUKIKO FUKUKAWA, AND MIKIYA MASUDA 

Abstract. Wc introduce the notion of a topological toric manifold and a topo- 
logical fan and show that there is a bijection between omnioriented topological 
toric manifolds and complete non-singular topological fans. A topological toric 
manifold is a topological analogue of a toric manifold and the family of topolog- 
ical toric manifolds is much larger than that of toric manifolds. A topological 
fan is a combinatorial object generalizing the notion of a simplicial fan in toric 
geometry. 

Prior to this paper, two topological analogues of a toric manifold have been 
introduced. One is a quasitoric manifold and the other is a torus manifold. One 
major difference between the previous notions and topological toric manifolds is 
that the former support a smooth action of an S^-torus while the latter support 
a smooth action of a C*-torus. We also discuss their relation in details. 



1. Introduction 

Toric geometry was established in the 1970's following the pioneering work of De- 
mazure (see [7] , [10] , [l5] for the history) . It provides examples of explicit algebraic 
varieties and finds many interesting connections with combinatorics. A toric variety 
of complex dimension is a normal algebraic variety over the complex numbers 
C with an effective algebraic action of (C*)" having an open dense orbit, where 
C* = C\{0}. On the other hand, a fan of real dimension is a collection of cones in 
M" with the origin as vertex satisfying certain conditions. A fundamental theorem in 
toric geometry says that there is a bijective correspondence between toric varieties 
of complex dimension n and fans of real dimension n. 

Among toric varieties, compact non-singular toric varieties, which we call toric 
manifolds in this paper, are well studied. In particular, their cohomology rings, 
Chern classes and genera such as signature are explicitly described in terms of the 
associated fans. Among toric manifolds, projective ones provide examples of sym- 
plectic manifolds. A projective toric manifold X admits a moment map whose image 
is a simple convex polytope and can be identified with the orbit space of X by the 
compact torus {S^Y of (C*)". 
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Previous to this paper, two topological analogues of a toric manifold have been 
introduced and a theory similar to toric geometry is developed for them using topo- 
logical technique. One topological analogue is what is now called a quasitoric man- 
ifolc^ introduced by Davis-Januszkiewicz [Hj around 1990 and the other is a torus 
manifold introduced by Masuda |13fl and Hattori-Masuda [11] around 2000. 

A quasitoric manifold is a closed smooth manifold M of even dimension, say 
2n, with an effective smooth action of (S*^)"", such that M is locally equivariantly 
diffeomorphic to a representation space of {S^Y the orbit space M/{S^Y' is a 
simple convex polytope. A projective toric manifold with the restricted action of 
the compact torus is a quasitoric manifold but there are many quasitoric manifolds 
which do not arise this way. For example CP^^CP^ with a smooth action of 
{S^Y is quasitoric but not toric because it does not allow a complex (even almost 
complex) structure, as is well-known. Davis-Januszkiewicz [S] show that quasitoric 
manifolds M are classified in terms of pairs (Q, v) where Q is a simple convex 
polytope identified with the orbit space M/(5'^)" and f is a function on the facets 
of Q with values in satisfying a certain unimodularity condition. 

A torus manifold is a closed smooth manifold M of even dimension, say 2n, with 
an effective smooth action of (S*^)" having a fixed point. An orientation datum 
called an omniorientation is often incorporated in the definition of a torus manifold. 
The action of (S*^)" on a toric or quasitoric manifold has a fixed point, so they are 
torus manifolds. A typical and simple example of a torus manifold which is neither 
toric nor quasitoric is 2n-sphere S*^" with a natural smooth action of (S*^)" for n>2. 
The orbit space S'^"/(S'^)" is contractible but there are many torus manifolds whose 
orbit spaces by the torus action are not contractible unlike in the case of toric or 
quasitoric manifolds. Although the family of torus manifolds is much larger than 
that of toric or quasitoric manifolds, one can associate a combinatorial object A(M) 
called a multi-fan to an omnioriented torus manifold M. Roughly speaking, a multi- 
fan is also a collection of cones but cones may overlap unlike ordinary fans. When 
M arises from a toric manifold, the multi-fan A(M) agrees with the ordinary fan 
associated with M. In general, the multi-fan A(M) does not determine M, but it 
contains a lot of geometrical information on M, e.g. genera of M such as signature, 
Hirzebruch Ty (or Xy) genus and elliptic genus can be described in terms of A(M) 
( [H] ; [12] , [13] , a similar description can be found in [17] and [18] for the Hirzebruch 
genus) . 

In this paper, we introduce a third topological analogue of a toric manifold, which 
we believe is the correct topological analogue. Remember that a toric manifold of 
complex dimension n is a compact smooth algebraic variety with an effective alge- 
braic action of (C*)" having an open dense orbit. It is known that a toric manifold is 
covered by finitely many invariant open subsets each equivariantly and algebraically 
isomorphic to a direct sum of complex one-dimensional algebraic representation 

'Davis- Januszkiewicz [5] uses the terminology toric manifold but it was already used in algebraic 
geometry as the meaning of smooth toric variety, so Buchstaber-Panov [2] started using the word 
quasitoric manifold. 

^n [13| . the notion of unitary toric manifold is introduced. It is a torus manifold with invariant 
unitary (or weakly almost complex) structure. 
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spaces of (C*)". Based on this observation we define our topological analogue of a 
toric manifold as follows. 

Definition. We say that a closed smooth manifold X of dimension 2n with an 
effective smooth action of (C*)*^ having an open dense orbit is a (compact) topo- 
logical toric manifold if it is covered by finitely many invariant open subsets each 
equivariantly diffeomorphic to a direct sum of complex one-dimensional smooth rep- 
resentation spaces of (C*)". 

We make two remarks. The first one is that the existence of the open dense orbit 
of (C*)" does not imply the existence of the local charts diffeomorphic to smooth 
representation spaces of (C*)" (see the example in Section |3]) although it does in the 
toric case. The second one is that there are many more smooth representations of 
(C*)" than algebraic ones. This stems from the fact that since C* = M>o x 5*^ as 
smooth groups, any smooth endomorphism of C* is of the form 



and this endomorphism is algebraic if and only li h = v and c = 0. Therefore the 
group Hom(C*,C*) of smooth endomorphisms of C* is isomorphic to C x Z while 
the group Homa;g(C*, C*) of algebraic endomorphisms of C* is isomorphic to Z. 
This implies that topological toric manifolds are much more abundant than toric 
manifolds. 

Nevertheless, topological toric manifolds have similar topological properties to 
toric manifolds. For instance, the orbit space of a topological toric manifold X by 
the restricted compact torus action is a manifold with corners whose faces (even 
the orbit space itself) are all contractible and any intersection of faces is connected 
unless it is empty, so the orbit space looks like a simple polytope. This implies that 
the cohomology ring H*{X] Z) of X is generated by degree two elements as a ring 
like the toric or quasitoric case (Proposition 18. 3p . However, the orbit space is not 
necessarily a simple polytope and one can see the following. 

Theorem 1.1 (see Theorem 110.21 for more details). The family of topological toric 
manifolds with restricted compact torus actions is strictly larger than the family of 
quasitoric manifolds up to equivariant homeomorphism. 

As a combinatorial counterpart to a topological toric manifold, we introduce the 
notion of a simplicial topological fan (we simply say topological fan in this paper) 
generalizing the notion of a simplicial fan in toric geometry. A simplicial fan of 
dimension n is a collection of simplicial cones in satisfying certain conditions. 
It can be regarded as a pair (S,f) of an abstract simplicial complex S and a map 
v: S*^^) — >■ Z", where S is the underlying simplicial complex of the fan, T,^^^ is 
the set of vertices in S which correspond to one-dimensional cones in the fan, and 
V assigns primitive integral vectors lying on the one-dimensional cones. We note 
that the target group Z" of the map v should actually be regarded as the group 
Homa/g(C*, (C*)") of algebraic homomorphisms from C* to (C*)"". 

We define a topological fan of dimension n to be a pair A = (S, /3) of an ab- 
stract simplicial complex E and a map /3: S(i) Hom(C*, (C*)") satisfying certain 
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conditions, where Hom(C*, (C*)") denotes the group of smooth homomorphisms 
from C* to (C*)". We may think of a topological fan as a collection of cones 
in Hom(C*, (C*)") by forming cones C using the S and /3. As observed in (11 .ip . 
Hom(C*, (C*)") is isomorphic to x Z", so we may regard /3 as a map to C" x 
and write /3 = {b+ a/— Tc, v) accordingly. Then an ordinary simplicial fan is a topo- 
logical fan with b = v and c = 0. Cones obtained from the pair (S, b), which are the 
projected images of the cones C on the real part of the first factor of C" x Z", do not 
overlap and define an ordinary simplicial fan over M while cones formed from the 
pair (E, v), which are the projected images of C on the second factor of C" x Z", may 
overlap and define a multi-fan. A topological fan A is called complete if the ordinary 
fan (E, 6) is complete, and non-singular if the multi-fan (S,!") is non-singular, i.e. 
if {v{{i})}ifzi is a part of a Z-basis of Z" for any J G S. 

One can associate a complete non-singular topological fan A{X) of dimension n 
to an omnioriented topological toric manifold X of dimension 2n. Conversely, one 
can construct an omnioriented topological toric manifold X{A) from a complete 
non-singular topological fan A using the quotient construction of toric manifolds 
developed by Cox [5]. Our main theorem in this paper is the following. 

Theorem 1.2 (Theorem I8.ip . The correspondences X — )■ A(X) and A — ?■ X{A) 
give bisections 

{Omnioriented topological toric manifolds of dimension 2n} 
^ {Complete non-singular topological fans of dimension n} 
and they are inverses to each other. 

We also classify omnioriented topological toric manifolds up to equivariant dif- 
feomorphism or equivariant homeomorphism in terms of the associated topological 
fans (Corollary Q. 

This paper is organized as follows. In Section |2] we study smooth representations 
of (C*)". In Section [3] we deduce some properties of topological toric manifolds. 
This tells us how to define topological fans. In Section S] we construct a topological 
space ^(A) with an action of (C*)" from a complete non-singular topological fan 
A = (S,/3). We prove that X{A) with the action of (C*)" is actually a topological 
toric manifold in Sections [5] and [6l In Section[7]we study X{A) as an (S'^)"-manifold. 
In particular, we prove that the (S*^) "-equivariant homeomorphism type of X{A) 
does not depend on the first component of the /3 (Theorem 17. 2p . Our main theorem 
is proved in Section |8l A topological toric manifold with the restricted action of the 
compact torus is a torus manifold. So one can apply results on torus manifolds to 
topological toric manifolds. Using a result from [H], we describe the cohomology 
ring of a topological toric manifold X in terms of the associated topological fan A(X) 
(Proposition 18. 3p . We also describe the total Pontrjagin class of X. In Section [H] 
we show that the Barnette sphere, which is a non-polytopal simplicial 3-sphere, 
can be the underlying simplicial complex of a topological toric manifold but cannot 
be that of a toric manifold. We discuss the relation of topological toric manifolds 
with quasitoric manifolds in Section [10] and with torus manifolds in Section [TTl In 
Section [121 we introduce real topological toric manifolds and discuss their relation 
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with small covers introduced by Davis- Januszkiewicz [8] as a real version of quasitoric 
manifolds. Finally, we collect a few facts on the underlying simplicial complexes of 
(topological) toric manifolds in the Appendix. 

2. Smooth representations of (C*)" 

In this section we study smooth representations of (C*)" and set up some notations 
needed later. We begin with the case where n = 1. As is easily checked, any smooth 
group endomorphism of C* is of the form 

9 1^1^^"^' (^) '' =: 9^ with fi={b + v^c, w) e C X Z. 

Since GL(1,C) = C*, a smooth group endomorphism of C* can be regarded as 
a complex one-dimensional smooth representation of C*. This representation is 
algebraic if and only iib = v and c = 0. We set fi := {b — -y/— Ic, —v). Then g>^ = g^. 

Lemma 2.1. (1) lfb>0, then the endomorphism g — ?■ g'^ extends continuously 
at g = 0. If V = ±1 in addition to b > 0, then the extended map is a 
homeomorphism. 

(2) g'^ = g^^ for any g & C* if and only if c = 0. 

(3) g^ = g^g'^ for some integers p, q if and only if b is an integer congruent to v 
modulo 2 and c = 0. In fact, g^ = g(^+^y'^g^^~'"')/'^ in this case. 

(4) A complex one- dimensional smooth representation g g^ is isomorphic to 
the representation g ^ g^ as real representations if and only if fi' = fi or fi. 

Proof. Statements (1), (2) and (3) are clear. As for (4), if fi' = /i, then the complex 
conjugation map gives an isomorphism between those two representations, proving 
the "if part. Suppose that the two representations in (4) are isomorphic as real 
representations. Let us denote fi = {b + a/— Tc, v) and fi' = {bl + ^ —\d , v'). By the 
definition of g^, the matrix presentation of g^ with respect to the basis (1, a/— T) of 
C as an M- vector space is 



exp(6x) 



cos(cx -|- vy) — sin(cx + vy) 
sin(cx + vy) cos(cx + vy) 



where g = exp(x + \/—ly),x, y G M. Hence the characters of the representations 
g g^ and g — > g'^ are respectively given as 

2 exp(6x) cos(cx + vy) and 2 exp(6'x) cos(c'x + v'y). 

These functions are same if and only ii b = b' and (c, f) = ±(c',f'). This implies 
fi' = fi, or fi, proving the "only if part. □ 

For fii = {pi + yj—lci^ Vi) {i = 1,2) we have 

{9n'' = {\9\''^'^''K9/\9\rT 
= (i^?r^)''^+^^^(i^?i^^n^?/kir)" 
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SO if we define 

(2.1) /i2/il := ibib2 + V^(&lC2 + CiV2),ViV2) 

then we have 

(2.2) [gf'^Y' = gf'^f'K 

It is better to regard fi = {b + ^/—Tc, w) as a 2 x 2 matrix 



(2.3) 



Then (12. ip is nothing but the identity 



b 

c V 





o" 




\ 


o" 




62 





_C2 


V2_ 




_Cl 






C261 + V2CI 


V2V1 



Let 7?. be a ring consisting of 2 x 2 matrices of the form (12. 3p with 6, c G M and 
u G Z. The identity matrix 1 (resp. zero matrix 0) of size 2 is the identity (resp. 
zero) element of the ring TZ. The set Hom(C*,C*) of smooth endomorphisms of 
C* forms a ring where the addition of pi,p2 G Hom(C*,C*) is the endomorphism 
g — )■ Pi{g)p2{g) and the multiphcation of them is their composition. The observation 
above shows that Hom(C*, C*) is isomorphic to TZ as rings. 

For a = (a^, . . . , a") G 7^" and /3 = (/3^, . . . , /3") G 7^", we define smooth homo- 
morphisms e Hom((C*)", C*) and Xp G Hom(C*, (C*)") by 



(2.4) x"(^?i, 
We also define 
(2.5) 



.9n):=\{9t. A,(^):=(/\...,/"). 



fe=i 



(a 



/3) := ^a'^p'' G 7^. 



fe=i 



Lemma 2.2. 

X"(^i, 
(2) x"(A/3(^?)) = 9^"-^^^ 



(1) {gi,...,gn) G (C*)" zs i/ie identity element if and only if 
,gn) = 1 for any a G 7^'". 



(3) A^(x"(^?i,...,^n)) = (n^f "■'•••'H^^' 



fc=l 



fc=l 



Proof. (1) The "only if part is trivial. If a has 1 at the i-th entry and at the 
other entries, then x°((7i, . . . ,(?.«) = 9i- This implies the "if part. 

Statements (2) and (3) easily follow from (Q, <UM and ([23]). □ 
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For and {A}r=i with Oj, (3i G 7^", we define group endomorphisms 0"=^ X° 

and nr=iAftof {C*r by 



(0 • • • , ^?n) := (X"^ . . . , ^?n), . . . , • • • , 9n)) 



(2.6) 



i=l 



1=1 i=l 

With this understood, we have 



Lemma 2.3. //{aj}"^;^ is dual to i.e. {ai, f3j) = 6ijl where 6ij denotes the 

Kronecker delta, then the composition 



(nv)(©x-):(CT 

i=l i=l 

is the identity, in particular, both 0"=^ x"' CL^^d nr=i -^ft ^'^^ automorphisms of 
(C*)". 

Proof. It follows from (12. 6p and Lemma 12.21 (2) that if we write ai = {aj, . . . , a") 
and A = (/3-,...,/3r), then 

n n 
n 

= V) (X"^ ((?!,...,(?„),..., (^71, ••• , ^7n)) 



(2.7) 



1=1 



n n 



: n A,, (x- (^1, ^n)) = n ( n ^^'^ n ) 



i=l 



A:=l k=l 



i=l k=l 



k=l 



)■ 



On the other hand, the assumption that {ai, Pj) = 6ijl is equivalent to the following 
identity 



(2.8) 



r 1 2 

1 2 



k «n ••• <J Ur ^2 ■■■ K. 



Pi /3| 



PI 



1 
1 



0... 1 



Each entry in (12. 8 p is a matrix of size 2, so that the product at the left hand side of 
(12. 8 p can be viewed as a product of matrices of size 2n with entries in M or Z. Since 
the product is the identity matrix, we may interchange the two matrices at the left 
hand side of (12. 8p . Then the resulting identity shows that Yll=iPi'^'i — ^jk^ ^^d 
this means that the last term in (12. 7p reduces to ((71, ... , (?„), proving the lemma. □ 

Through the identification of TZ with C x Z, we identify TV^ with x Z" and 
write Pi e 71^ as [hi + \f^Ci,Vi) e C" x Z". With this understood, we have 
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Lemma 2.4. o^^^^ t}"=i o,re bases o/M" andll^ respectively, then 

i.e. {ai,Pj) = 6ijl for any i,j. 

as before and /3f = + 



has a dual set {aj}-^]^, 
Proof. Write A = 



-lc,f^,t;f). Setting 



B 



hi 
h\ hi 



Pi h^ 



h2 



n. 



c 



^2 



cl 

^2 



J-1 

^2 



vl 

„,2 



we see that the second matrix at the left hand side of fl2.8p is conjugate to this 
' B 

' by a permutation matrix P. The assumption in the lemma 



block matrix ^ y 

implies that B G GL(n, I 

B-^ 



has an inverse 



and V E GL(n, Z). Therefore the above block matrix 
Y-i(j]^-i y-i ■ Conjugating this matrix by P^^, we obtain 
the first matrix at the left hand side in (12. Sp . proving the existence of the dual set 

{«^}r=i- □ 

Consider a complex n-dimensional smooth representation of (C*)" of the form 
©r=i with Qfj e 7U^. This representation is algebraic if and only if every factor 
X"' is algebraic, so complex n-dimensional algebraic representations of (C*)" are 
parameterized by (Z")" while complex n-dimensional smooth ones are parameterized 

by (7^")" = (C" X z")". 

Throughout this paper we will denote the representation space of a representation 
pbyy(p). 

Lemma 2.5. (1) A smooth complex n-dimensional representation x""' of 

(C*)" is faithful if and only if the matrix in (12. 8p formed from Ui 's has an 
inverse with entries in TZ. 
(2) If@^^i x""' is faithful, then the representation space ^(x"') has an open 
dense orbit and has only finitely many orbits. In fact, the open dense orbit is 
unique and isomorphic to (C*)" and the other orbits have real codimension 
at least two. 

Proof. The statement (1) would be clear. To see (2), we suppose that 
is faithful. Then, the homomorphism x"' • (C*)" — t- (C*)" has the inverse 

nr=i ^Pi^ where is dual to {ai\. Let Zi be a coordinate function of Vix""')- For 
a point p G ^(x"*); "^^ set 

I{p) := {i I Zi{p) = 0}. 

We will see that two points p and q in ^"^^ ^(x"*) belong to the same orbit if and 
only if J(p) = I{q). The "only if part is obvious. So we assume that I{p) = I{q)- 
Then, the fractions Zi{p)/ Zi{q) for i ^ I{p) is an element in C* and Zi{p) = Zi{q) = 
if i G I{p). We take an element g = {gi, . . . , gn) G (C*)" to be 

Zi{p)/zi{q) iiiil{p), 
1 if z G I{p). 
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Let h = nr=i -^ft(fi'j)- Then, it follows from (2) in Lemma [2.21 that 

n 

z^{h ■ q) = x'"\h)zi{q) = x""' {Y[^P,{9j))zi{q) = giZ^{q) = Zi{p) 

i=i 

for alH = 1, . . . , n. Namely, h ■ q = p and hence p and q belong to the same orbit. 
Hence the "if part holds. Therefore, the representation space has an 

open dense orbit which consists of points p with I{p) = 0. Other orbits correspond 
to nonempty subsets / of {1,. . . ,n} and have real codimension 2\I\. The lemma is 
proved. □ 

Suppose that 0"=^ x"' is faithful. Then the representation space ^(x"') 
has an open dense orbit isomorphic to (C*)" as mentioned above. Since (C*)"" has a 
canonical orientation, 0"^^ V{x°'') has an orientation induced from the open dense 
orbit. On the other hand, ©"^^ has an orientation induced as the complex 

vector space. These two orientations agree when the representation is algebraic. 
But otherwise, they may disagree. For instance, if n = 1 and our representation of 
C* is given by the complex conjugation g ^ g, then those two orientations disagree. 
The following lemma would be easy to see. 

Lemma 2.6. Suppose that ^^^iX°'' ^■^ faithful and let dual to {ai}f^i. 

Then the two orientations on ^^^^ nientioned above agree if and only if the 

determinant of the matrix in (12.81) formed from the 's or /3j 's ( viewed as a matrix 
of size 2n ) is positive. 

We conclude this section with the classification of faithful complex n-dimensional 
representation spaces of (C*)" up to equivariant diffeomorphism or homeomorphism. 

Lemma 2.7. Let @^^^V {x""') o^c? be complex n-dimensional faithful 

representation spaces of (C*)". Let f3i's (resp. f3^'s) be dual to ai's (resp. a['s). 

(1) The above representation spaces are equivariantly diffeomorphic if and only 
if there is a permutation o on \n\ = {1,2, ... ,n} such that = /3j or PifiQ 

'1 " 



for any i where /iq 







(2) The above representation spaces are equivariantly homeomorphic if and only 
if there is a permutation a on [n] and some /x, in 

\h Ol 



S :-- 



c V 



En\b> o,v = ±1 



such that /3'^^--^ = /3ifii for any i. 

Proof. The "if part in (1) is clear. Suppose that there is an equivariant diffeomor- 
phism / : 0^=1 ^(x"') ~^ ©r=i Since the origin is the unique fixed point in 
these representation spaces and their tangential representation space at the origins 
are themselves, the differential dfo of / at the origin induces an isomorphism between 
0r=i X"' ©r=i X"' as real representations. Since the representation 0"=^ x"' 
(resp. ©"=1 x"0 is faithful, the factors x"' (resp. x"0 ^ire mutually non-isomorphic 
as real representations. Therefore, dfo maps V{x°'^) to some factor of 0j=i ^(x"'0 
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isomorphically as real representation spaces, so there is a permutation a on [n] such 
that ai = a^^j^ or a^j-^-) by Lemma l2.ll (4). This imphes the "only if part in (1) 
because d'^^-^ = /io«^{i) (resp. /Jfs) are dual to the a^'s (resp. a^'s). 

The proof of statement (2) is as follows. We shall prove the "if part first. We 
may assume that a is the identity without loss of generality. Since /ij is in S, so is 
and the map 

{Zi,...,Zn) {z'^' 

is a homeomorphism of C" by Lemma [2.11 (1) and it easily follows from ( 12. 2 p that it 
gives an equivariant homeomorphism from ^"^^ ^(x"0 to with a'^ = 

jjij^cii for any i. This implies the "if part because the /3i's (resp. /3j"s) are dual to 
the aj's (resp. a^'s). 

Conversely, suppose there is an equivariant homeomorphism /: V"(x"0 ~^ 

0"=]^^(x"^)- The fixed point set in ^(x"0 under the action of the C*- 

subgroup A/3^(C*) is 0jyj^(x"O =• ^ which is of complex codimension one. Note 
that any C*-subgroup of (C*)" whose fixed point set in ®"=iV^(x"') is of com- 
plex dimension one is for some i. Since the same is true for ^(x"'0 
and the map / above is equivariant homeomorphism, one concludes that there is a 
permutation a on [n] such that 

/(^i) = Kw and A^,(C*) = A^.^JC*) for each 

where VI is defined similarly to Vi. The latter identity above implies that there is 

an element Uj = ^ G TZ such that 

P'a{i) = Pif^i for each i. 
Here Vi = ±1 because A^'^^ and Xjs. are both injective. Moreover, bi > because 
for any generic point l in 0"^^ V^(x"0> hnig^o (resp. lim^^o V,.(5')(/(0)) 

converges to a point in Vi (resp. V'j(j)) and f{Vi) = V^^^^. Hence, /Xj lies in S, proving 
the "only if part in statement (2). □ 

3. Topological toric manifold and topological fan 

A toric variety of complex dimension n is a normal algebraic variety of complex 
dimension n with an effective algebraic action of (C*)" having an open dense orbit. 
A toric variety has only finitely many orbits. A compact smooth toric variety is 
called a toric manifold. It is known that a toric manifold is covered by finitely many 
invariant open subsets each equivariantly and algebraically isomorphic to a direct 
sum of complex one-dimensional algebraic representation spaces of (C*)". Based on 
this observation we define our topological analogue of a toric manifold as follows. 

Definition. We say that a closed smooth manifold X of dimension 2n with an 
effective smooth action of (C*)" having an open dense orbit is a topological toric 
manifold if it is covered by finitely many invariant open subsets each equivariantly 
diffeomorphic to a direct sum of complex one-dimensional smooth representation 
spaces of (C*)". 
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Remark. Since the action of (C*)" on the topological toric manifold X is assumed 
to be effective, the direct sum of complex one- dimensional smooth representation 
spaces of (C*)" in the definition above must be faithful. On the other hand, it 
is not difficult to see that any faithful smooth real 2n-dimensional representation 
of (C*)" is isomorphic to a direct sum of complex one-dimensional representations 
as real representations. Therefore, we may replace "a direct sum of complex one- 
dimensional smooth representation spaces of (C*)"" in the definition above by "a 
smooth representation space of (C*)"". 

Lemma 3.1. A topological toric manifold has only finitely many orbits and the real 
codimension of an orbit different from the open dense orbit is at least two. 

Proof. The effectiveness of the action of (C*)" in X implies the faithfulness of the 
complex n- dimensional representations in the definition of a topological toric mani- 
fold above. Therefore the lemma follows from Lemma [2.51 (2). □ 

In particular, the fixed point set X^^*^" of a topological toric manifold X consists 
of finitely many points. It follows from the definition of a topological toric manifold 
that each fixed point p G X^'^*^" has an invariant open neighborhood, denoted Op, 
which is equivariantly diffeomorphic to a faithful representation space of (C*)". Then 
we have 

X= U Op. 

Proposition 3.2. A topological toric manifold is simply connected, in particular, 
orientable. 

Proof. The open dense orbit in a topological toric manifold X, denoted O, can be 
identified with (C*)". Since it is connected, its closure, that is X, is also connected. 

Any orbit in X except O has codimension at least two and the number of the orbits 
is finite by Lemma [3.11 Therefore the homomorphism : vri(O) — vri(X) induced 
from the inclusion map k : O ^ X is surjective. On the other hand, since k factors 
through the inclusion maps O — Op — )■ X and Op is simply connected because it is 
diffeomorphic to a representation space, must be trivial. This proves that 7ri{X) 
is trivial. □ 

In the algebraic category, i.e. in the case of toric manifolds, the existence of an 
open dense orbit implies the existence of a fixed point. However, this is not always 
the case in the smooth category as is shown in the following example. 

Example. Take a smooth vector field on having only one zero point, say x. 
Integrating the vector field produces a smooth action of M on 5*^ which has two orbits 
{x} and S'^\{x}. We regard the action of M as an action of M>o through a logarithmic 
function M>o M. On the other hand, we take another with a natural free S^- 
action. Their product x supports a smooth action of M>o x = C* . This 
action of C* on x has no fixed point while it has two orbits, {x} x and 
(S'^\{x}) X S^, and the latter orbit is open and dense in 5"^ x S^. 
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We say that a closed connected smooth submanifold of a topological toric manifold 
X of real codimension two is characteristic if it is fixed pointwise under some C*- 
subgroup of (C*)". There are only finitely many characteristic submanifolds, which 
we denote hj Xi, . . . , Xm- We define 



This is an abstract simplicial complex of dimension n — 1 and pure, i.e. any simplex 
in S(^) is contained in some simplex of maximal dimension n — 1. We will denote 
by YP'\X) the subset of consisting of all (/c — l)-simplices in Note that 

Tj^^\X) can be identified with [m]. 

Since X is locally equivariantly diffeomorphic to a direct sum of complex one- 
dimensional smooth representation spaces of (C*)", the Xj's intersect transversally 
so that Xi is a closed smooth submanifold of dimension 2(n — |J|) for I G in 
particular, Xi is of dimension when I G TS'^\X) and 



We will see in Lemma [3l6] below that Xi is connected for any I G in particular, 

Xi is one point when / G Tj^'"'\X). 

Since X^ is fixed pointwise under some C*-subgroup of (C*)", the normal bun- 
dle Vi of Xi to X is orientable, so that each Xi is orientable because so is X by 
Proposition 13.21 

Convention. Since a topological toric manifold X of dimension 2n has an open 
dense orbit which can be identified with (C*)" and (C*)" has a canonical orientation, 
we give X the orientation induced from the orientation of (C*)" throughout this 
paper unless otherwise stated. 

A choice of an orientation on each Xi together with the orientation on X is called 
an omniorientation on X. An omniorientation on X determines a compatible ori- 
entation on the normal bundle z/j. Let Ci be the C*-subgroup of (C*)" which fixes 
Xi pointwise. It acts on the normal bundle z/j effectively through the differential 
and preserves each fiber. As is easily checked, a real two-dimensional faithful rep- 
resentation space V of C* has exactly two complex structures invariant under the 
circle subgroup S*^ of C* and they have different orientations. The action oi g & 
on V with the complex structures is scalar multiplication by g or g~^ according to 
the complex structures. Moreover, the action of C* on V preserves the complex 
structure (but the action oi g & C* omV is not necessarily scalar multiplication by g 
or g~^, see Section |2]). Applying this fact to each fiber of i^j, one sees that Ui admits 
a unique complex structure which is invariant under the circle subgroup of Ci and 
whose induced orientation is compatible with the omniorientation. Moreover, the 
action of Ci on Vi preserves the complex structure on Vi. With this understood, we 
have 



:= {/ C [m] I X, := f|Xi 7^ 0} U {0}. 



(3.1) 




7es("'(x) 



TOPOLOGICAL TORIC MANIFOLDS 



13 



Lemma 3.3. For each i E [m] = Ti^^\X), there is a unique l3i{X) G TZ" such that 

(3.2) A/3,(x)(C*) fixes Xi pointwise and Xi3,ix){g)*^ = 9^ for any g eC*,^ e Ui, 

where A/3.(x)(fi')* denotes the differential of Xi3.(^x){g) CLnd the right hand side denotes 
scalar multiplication by g. 

Proof. Choose any group isomorphism 7^: C* — ?■ Ci(c (C*)"). Then, for each fiber 
^i\x of I'i over X E Xi, one has 

Kid)*^ = Pi (9)^ for any 5( G C*,^ G Ui\^ 

with some automorphism of C*. However, is locally constant on x because X 
is covered by representation spaces of (C*)". Since Xi is connected, it follows that 
Pi is actually independent of x G X^; so we may denote pf by pi. Then, 'jiO Pi^ will 
be the desired f3i{X). The uniqueness of would be obvious. □ 

Note that if we reverse the orientation on Xi, then the orientation on Ui will be 
reversed and hence the complex structure on Ui will become complex conjugate to 
the original one. 

If a fixed point p is in Xf for I G then 

(3.3) TpX = Uilp as real (C*) ""-representation spaces 

where TpX denotes the tangential representation space of X at p. Since X is ori- 
ented by our convention, the left hand side of (13. 3p has the orientation while the 
omniorientation on X determines an orientation at the right hand side of (13. 3p . and 
these two orientations may not agree. For instance, if we reverse the orientation on 
only one Xi for i E I, then the orientation at the right hand side of (13. 3p will be 
reversed while that at the left hand side of (13. 3 p will remain unchanged. 
We shall write f3i{X) in Lemma [3.31 as 

Pi{X) = {h{X) + V^CiiX),ViiX)) G 7^" = C" X Z". 

Lemma 3.4. Suppose that X is omnioriented and let I G T,^'^\X). Then {bi{X)}i^j 
and {vi{X)}i^i are bases of MJ^and Z" respectively. Therefore, {f3i{X)}i^j has a 
dual set, denoted {af(X)}jg/, and then the right hand side of (13. 3p is isomorphic 
©ie/ ^(x"' ''"^^) complex representations. In particular, the invariant open 
neighborhood Op ofp is equivariantly diffeomorphic to 0jgj V{x"''^^^^) and OpHXi 7^ 
if and only if i E I. 

Proof. Since the action of (C*)" on X is effective, the endomorphism Yliei ^l^dx) of 
(C*)" is injective and hence an automorphism. This implies that {bi{X)}i^i and 
{vi{X)}ifzj are bases of M"and Z" respectively. It follows from (13. 2p and Lemma [2^2] 
(2) that the the right hand side of (13.31) is isomorphic to V{x"'*^^^) as complex 
representations. □ 

For / G S(X) we denote by Zbi{X) the cone spanned by 6j(X)'s for i E I. The 
dimension of Zbi{X) is equal to the cardinality of I by Lemma [3.4[ 
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Lemma 3.5. Let i be a point in the open dense orbit O of X . Let I E Ti^'^\X) and 
p G Xj . Then the following hold. 

(1) If b E Zbj{X), then one can write b = '^i^jfibi{X) with ri > 0. In this 
case liiHg^Q \(^b,o){g){L) exists in Op fl Xk where K = {i E I \ ri > 0}. In 
particular, if b lies in the interior of Zbi{X) , then liiRg^Q X(^b^Q){g){L) = p. 

(2) Ifb^ Zbj{X), then the sequence X(^h,o){ge){t') does not converge in Op for any 
sequence gg (£ = 1,2,...) m C* approaching 0. 

Proof. By Lemma [37^ we may identify Op with ^^gj ^(x"^*'"^'') where p corresponds 
to the origin in the representation space. Since l can be taken to be any point 
in the open dense orbit, we may assume l = (1, . . . , 1) through the identification. 
Therefore, 

^^■^^ = in Op = 0y(x"«^(^)) 

and the absolute value of the z-component above is given by 

(3.5) \x'''^''\Xmm = W'^^'^^^l = for g E C* 

where Oj E M" denotes the real part of the first factor of af(X) E 7^" = C" x Z*^. 

(1) If 6 G Zbi{X), then (a,, b) = Vi > for any i E I. Hence (a^, 6) > for z G 
and (aj, b) = for i E I\K. This together with (13. 4 p and (13. 5p implies statement 

(1) in the lemma. 

(2) If 6 ^ Zbi{X), then there is an z G / such that {ai,b) < 0. Then a sequence 
\x°''^^\X{b,o){gi))\ = Ifi'^l^"*'^^ (£ = 1,2,...) does not converge for any sequence g^ 
{i = 1,2,...) approaching 0. This together with (13.40 and (13.50 implies statement 

(2) in the lemma. □ 

Lemma 3.6. Xj is one point for any I E Ti^'^\X), more generally, Xj is connected 
for any I E S(X). 

Proof. We treat the case when \I\ = n first. Let p be any point in Xj and let b be 
any vector in the interior of Zbi{X). Then limg^o ^{b,o){g){t') = P by Lemma 13.51 
(1), where the left hand side is independent of the choice of p. This shows that Xj 
is one point. 

A similar idea works for the general case. By definition, X is covered by Op's 
(p E X^*^*)") and each Op is equivariantly diffeomorphic to a direct sum of complex 
one-dimensional smooth representation spaces of (C*)", say Vp. Therefore Xj fl 
Op is equivariantly diffeomorphic to an invariant linear subspace of Vp (unless the 
intersection is empty) and hence each connected component of Xj must have a fixed 
point. 

Let F be any connected component of Xj and let p be a fixed point in F. Then p = 
Xj for some / G S*^")(X) with I C I. Let b be an element in the interior of Zbj(X). 
Then Lemma [3751 (1) applied with J as / and I a.s K says that limg_!.o X(^b,Q){g){^) ='■ x 
exists in OpHXj, in fact, in OpHF because OpHXj is connected andp G F. Therefore 
X E F. However the limit point x is independent of the choice of the fixed point p 
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and hence x is contained in every connected component of Xj. This means that Xj 
is connected. □ 

Lemma 3.7. U/eE(X) ^bi{X) = M" and Zbi{X) n Zbj{X) = Zbinj{X) for any 

Proof. Suppose U/6S(x) ^^/(^) ^ ^" and let b E M"\ U/6S(x) ^^K^)- Since 
b i Zbj{X) for any / G S(")(X) and X = Upex{c*)" Op, it follows from Lemma [33] 
(2) that \(^bfi){ge){L) does not converge in X for any sequence ge in C* (£ = 1, 2, . . . ) 
approaching 0. This contradicts the compactness of X. Therefore the former state- 
ment in the lemma is proven. 

As for the latter statement in the lemma, it suffices to prove 

(3.6) Zbi{X) n Zbj{X) C ZbjnAX) 

because the opposite inclusion is obvious. We shall prove (1331) when /, J G 
first. Suppose that (13. 6p does not hold for those / and J. Then there is an element 
b G Zbj{X) n Zbj{X) which is not contained in Z6/nj(X). This means that when 
we write b = Yliei^i-^ii-^) with > 0, then there is i G I\J with rj > 0. Similarly, 
when we write b = "^j^j Sjbj{X) with Sj > 0, then there is j G J\I with Sj > 0. 
It follows from Lemma [3.51 (1) that limg_j.o ^{h,o){g)iL) lies in Op fl Xi as well as in 
Oq n Xj where p = Xj and q = Xj. In particular Op fl Xj fl 7^ 0. However, since 
j ^ /, we have Op fl Xj = by Lemma 13. 4[ This is a contradiction and hence (13. 6p 
holds for J, J G S(")(X). 

Suppose thaty, J G S(X) may not be in S(")(X). Then there are J, J G S(")(X) 
such that I C I and J C J since S(X) is pure. Let b G Z6/(X) fl Zbj{X). Since 
Zfe/(X) C Z6/(X), Z6j(X) C Z6j(X) and Z6j(X) n Z6j(X) = Z6jnj(^) as proved 
above, b sits in Z.bj^j{X). Therefore 

(3.7) b = J2 rMX) with rk > 0. 

Since 6 G Z67 C Z6j and the expression of 6 as a linear combination of 6j's for i G / 
is unique, b must be a linear combination of 6j's for i E I. On the other hand, we 
have the expression (13. 7p and / fl J C /. It follows that {/i;G/nJ|rfc7^0}c/. 
Similarly {fc G / fl J | 7^ 0} C J. Therefore 

{A; G / n J I rfe 7^ 0} C / n J. 

This together with (13.71) shows that b G ZbmjiX), proving (13. 6p . □ 

Motivated by the observations above, we make the following definition. 

Definition. Let S be an abstract finite simplicial complex of dimension n — 1 (with 
the empty set added) and let 

where S*^^^ denotes the vertex set of S. We abbreviate an element {i} G T.^^^ as i 
and /?({«}) as /3j and express /3i = {pi + ^/^-^Ci,Vi) G C" x Z". Then the pair (S,/3) 
is called a (simplicial) topological fan of dimension n if the following are satisfied. 
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(1) 6j's for z G / are linearly independent whenever / G S, and ZhjCl/lbj = Z6/nJ 
for any I, J G S. (In short, the collection of cones Zbj for all / G S is an 
ordinary simplicial fan although 6j's are not necessarily in Z".) 

(2) Each Vi is primitive and fj's for i & I are linearly independent (over M) 
whenever J G S. 

We say that a topological fan A of dimension n is complete if U/es ~ 
non-singular if the Wj's for i G / form a part of a Z-basis of whenever J G S. 

Remark. When 6j = Vi and Cj = for every i, A can be thought of as an ordinary 
simplicial fan. The notion of completeness and non-singularity above generalizes 
that for an ordinary simplicial fan. 

Definition. Let A = (S,/3) and A' = (E',/3') be topological fans. 

(1) A and A' are equivalent, denoted [A] = [A'], if there is an isomorphism 
a: S — )■ E' such that = (3i for any i G 

(2) A and A' are D- equivalent, denoted [A]/) = [A']/), if there is an isomorphism 
cr: S — 7- S' such that = (3i or /3j/io for any i G where /iq is the 
element in Lemma [2.71 

(3) A and A' are H- equivalent, denoted [A]h = [A']h, if there are an isomor- 
phism a: E — >■ E' and fii E S for each i G E^-*^^ such that /J^^-^^ = for any 

i G E*^^-*, where S is the subset of TZ in Lemma [2.71 

Remark. One can form a collection of cones in 7^" = x Z" from a topological 
fan. Then two topological fans A and A' are equivalent if and only if the collection 
of cones derived from A agrees with that from A'. 

In toric geometry, a morphism between two fans is defined to be an isomorphism 
of ambient spaces taking one fan to the other. One can define morphisms between 
topological fans similarly. 

For a topological toric manifold X of dimension 2n, we associated the simplicial 
complex E(X) of dimension n — 1 and deduced the map (3{X) : E'-^''(X) — )■ TZ^. The 
observations above show the following. 

Lemma 3.8. A(X) := (E(X),/3(X)) is a complete non-singular topological fan of 
dimension n. 

We gave X the orientation induced from the canonical orientation on the open 
dense orbit. However, there is no canonical choice of orientations on the characteris- 
tic sub manifolds of X. We say that two omnioriented topological toric manifolds are 
isomorphic if there is an equivariant diffeomorphism between them preserving the 
omniorientations. An equivariant diffeomorphism or equivariant homeomorphism 
between omnioriented topological toric manifolds preserves their characteristic sub- 
manifolds but does not necessarily preserve the orientations on their characteristic 
submanifolds. The following lemma follows from Lemma 12.71 

Lemma 3.9. // omnioriented topological toric manifolds X and Y are isomorphic 
[resp. equivariantly diffeomorphic or equivariantly homeomorphic) , then [A{X)] = 
[A(r)] (resp. [A(X)]z, = [AiY)]n or [A(X)]^ = [A{Y)U). 
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4. Construction of a topological toric manifold X{A) 

In Section [3l we associated a complete non-singular topological fan A(X) to an 
omnioriented topological toric manifold X. In this section and the subsequent two 
sections, we will define a reverse correspondence, namely, we associate an omnior- 
iented topological toric manifold X{A) to a complete non-singular topological fan 
A. 

In toric geometry, there are two ways to associate a toric manifold with a complete 
non-singular fan: one is the gluing construction described in [9], [10] or [15] and the 
other is the quotient construction where many people are involved in the develop- 
ment, see [3] and [B]. Although both constructions work in our setting, we adopt the 
quotient construction since the quotient construction seems easier to understand. 

Let A = (S, /3) be a complete non-singular topological fan of dimension n where 
we take the vertex set T,^^'^ as [m] = {1, 2, . . . , m}. For / C [m], we set 

(4.1) f/(/) := {(^1, . . . , e I 2i ^ for Wt i /}. 

Note that \J{1) n f/( J) = U{I n J) for any J, J e [m] and U{I) C f/( J) if and only 
if / C J. We define 

f/(S) := U U[l). 
/es 

Remark. It is known (and easy to see) that U (S) is the complement of the union 
of coordinate subspaces 

Z := U {(zi, . . . , 2^) e C"^ U,- = for Vj G J}, 

that is, [/(S) := €^\Z. 
Let 

A: (C*)"^ (C*)" 
be the homomorphism defined by 

(4.2) A(/ii,...,/iJ := J]A^,(/ifc). 
Lemma 4.1. A is surjective and 

(4.3) KerA = {(/ii,...,/i„) G (C*)™ I JJ^"'^'^^ = 1 /or an?/ a G 7^"}. 



fc=i 



m 



fc=l 



Using {afjjg/ /or / G which is dual to t(;e /iawe 

(4.4) KerA = {(/ii,...,/i^) G (C*)'" I /i, JJ/if''^'^ = 1 for any t e I}. 



k4I 



Proof. It follows from Lemma [2^ (1) that A(/ii, . . . , /i^) = n)!Li A^^(/ifc) is trivial if 
and only if 



k=l k=l 
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proving fl4.3p . As for (14.41) . since 0jg/ is an automorphism of (C*)" by Lemma [273| 



'is/ ■ 

X{hi, . . . , hm) = nr=i '^Pki^k) is trivial if and only if 

m m 

( n ^/^.(^^)) = n ^t'-'''^ =^\{ ^t'^''^^ = 1 for ^ ^ 

fc=l fc=l fc^7 

proving ( 14. 4p . □ 
We define 

X(A) := f/(S)/Ker A = |J f/(J)/KerA. 

/es 

Since the natural action of (C*)"^ on C™ leaves the subset of invariant, 

it induces an effective action of (C*)"'/KerA on ^(A) having an open dense orbit 
and only finitely many orbits. Since A is surjective, (C*)™'/Ker A can be identified 
with (C*)" via A, so we think of X{A) as a topological space with this action of 
(C*)". In the next two sections, we will prove that X(A) is actually a topological 
toric manifold. 

5. Local properties of X(A) 

For / G we denote by the affine space C" with coordinates indexed by 
the elements in I and define a continuous map 

(pi - U{I) 

by 

m 

(5.1) M^i,---,zm) := (114"'''"'^^ W = (^.114"^'"'^^^^ 

k=l k^I 

where Zk ^ ^ for k ^ I hj the definition of U{I). 
Claim 1. If J is invariant under the action of Ker A. 

Proof. Let {hi, . . . , hm) G Ker A. Then it follows from (15.1 p and (14. 3 p that 



^K/^i^i, • • • , /^^u = ( n(^^^^)^"^''^o.e/ = ( n n ) 

k=l k=l k=l 

m 



k=i 

proving the claim. □ 
By Claim 1 above, (pi induces a continuous map 

^i: f/(J)/KerA ^ C^. 

Claim 2. is a homeomorphism. 
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Proof. By the definition of U{I), ^ for k ^ I and Zi for z G / is an arbitrary 
complex number, so ifj is surjective. 

The injectivity of ipi is as follows. Suppose that 

(^/(Zi, ...,Zm)= <Pl{Cl, • • • ,Cm) 

for {zi, . . . , Zm), (Ci! • • • ! Cm) £ U{I). Then it follows from (15. ip that 

(5.2) ^.n4°-*'=c.nci°-''*' 

for each i G /. We define an element {hi, . . . , /i^) G (C*)™ by 

(5.3) hk := Zk/Ck for A; ^ / and hi := JJ /i"^"' '^'^ for i G /. 

Then (/zi, . . . , /l„^) G Ker A by ^M) and (^i, . . . , 2;^) = (/ziCi, . . . , /imCm.) by ([52]) 
and f l5.3p . proving the injectivity of 

Finally, if // is a map sending {wi)i^i G to (2:1, . . . , Zm) G f/(/) where Zi = Wi 
for z G / and Zk = 1 for k ^ I, then the composition o // is the identity on C'^ by 
(15. ip . Since // is continuous, this shows that (fj^ is also continuous. 

This completes the proof of the claim. □ 

Remember that X{A) has an action of (C*)". We shall observe this action through 
the local chart ipr. f/(/)/KerA — t- C'^. We note that the underlying space of the 
representation space V{^-^j x"'') can naturally be identified with C"^. 

Lemma 5.1. The homeomorphism 

^r- f/(/)/KerA^y(0x"O 

is/ 

is {C*)"' -equivariant. 

Proof. To (7 G (C*)" we associate an element h = [hi, . . . , hm) G (C*)™" defined by 

X'^Ha) for i G /, 
1 for z ^ /. 

Then 

m 

i=l iel 

where the last identity follows from Lemma [2.31 Let z = {zi, . . . , z^) G U{I) where 
2;^ = 1 for i ^ I. Then (pj{z) = {zi)i^i and i^iihz) = {hiZi)i^i = ix"^ {.9)zi)i<^i- This 
shows that ipi is (C*) "-equivariant. □ 

Lemma 5.2. The transition functions of the local charts {(f/(/)/Ker A, </:>/)} for 
X(A) are smooth. 
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Proof. Let J be another element of S'-"^ such that {vj | j G J} is a Z-basis of Z". 
Since (pjO(pJ^ = (fjofj, it follows from (15. ip that the j-component of V^j(</?7^(^«)j6/) 
for {wi)i^i e ^i{u\l) n U{J)) C is given by 



(5.4) n 



which is smooth since 7^ for i G I\J and (a^ , = 6jil for i G J. □ 



We express A = {h + V^Q, ^^i) G C" x Z" = 7^" as before. 

Lemma 5.3. // q = for any i, then the transition function (15 ■4p is equivariant 
with respect to the complex conjugation on C", so that the complex conjugation on 
C" induces an involution, called the conjugation, on X(A) with n- dimensional fixed 
point set. 

Proof. Since Cj = for any z, the c-component of {aj , Pi) in fl5.4p is zero. Therefore 
the lemma follows from Lemma [2.11 (2). □ 

Remark. The fixed point set of the conjugation on X{A) in Lemma 15.31 has the 
restricted action of (M*)" which has an open dense orbit isomorphic to (M*)" and the 
number of orbits is finite. Such a manifold is called a real topological toric manifold 
and discussed in Section! 



If bi = Vi and Q = for any z, then X(A) is a toric manifold and the transition 
function in fl5.4p is a Laurent monomial in WiS. More generally, it follows from 
Lemma [2.11 (3) that the transition function in fl5.4l) is a Laurent monomial in WiS 
and WiS if hi is an integral vector congruent to Vi modulo 2 and Cj = for any i. 

Example. Here is an example of a topological toric manifold of dimension 4 which 
is not a toric manifold. Let S be an abstract simplicial complex defined by 

S := {0, {1}, {2}, {3}, {4}, {1, 2}, {2, 3}, {3, 4}, {4, 1}}. 

Let ei, 62 denote the standard basis of M? and define 

/3i = {hi,vi) := (ei,ei), /32 = (&2,^^2) := (62,62) 

/^s = (&3, fs) := (-61, -61 - 262), Pa = (64, Va) := (-Ci - 62, -61 - 62) 

where q for 1 < i < 4 is understood to be 0. Note that A = (S, /3) is a complete 
non-singular topological fan of dimension 2. Note also that (S, b) defines an ordinary 
complete fan while the 2-dimensional cones obtained from (S, v) have an overlap and 
defines a multi-fan, see figure [H Note also that bi is an integral vector congruent to 
Vi modulo 2 and Cj = for any i, so that the transition functions in our case should 
be Laurent monomials in wi,W2, Wi and W2. In fact, they are given explicitly below. 




The dual set of {(3j}j^j for J e E(2) is given as follows. 

a( = {ei,ei), = (62,62) for J = {1,2}, 

0^2 = (^2, -2ei + 62), a^ = {-61,-61) for J = {2, 3}, 

ai = {-61 + 62,61 - 62), a( = {-62, -26i + 62) for J ={3,4}, 

ai = {-62,-62), a( = {61- 62,61- 62) for J ={4,1}. 

Therefore, it follows from (15.41) that X(A) is obtained by gluing four copies of 
corresponding to elements in as follows: 

C2 = C{3,2} {nj-\w^^WiW2) i {Wl,W2) C^^'^i = 



where /i(mi,M2) = {uiU2,U2^), f2{vi,V2) = {v^^ ,ViVi'^V2) and the horizontal maps 
above glue along C* x C while the vertical ones glue along C x C*. 

One can check that X{A) is a closed smooth manifold (this is true for an arbi- 
trary complete non-singular topological fan A as is seen in the next section). It is 
simply connected by Proposition 13.21 of dimension 4 and admits a smooth effective 
action of (5*^)^. One can also check that our X{A) has the same cohomology ring as 
CP^T^CP^ using Proposition 18.31 in Section [HI Therefore it follows from the classifi- 
cation result on closed smooth 4-manifolds with effective smooth action of (5^)^ (see 
[M]) that our X{A) is diffeomorphic to CP^^CP^. As is well-known, CP^^CP^ 
is not (the underlying manifold of) a toric manifold, in fact, it does not admits an 
almost complex structure. 



6. Global properties of X{A) 

In this section, we establish that X{A) is a topological toric manifold and study 
the tangent bundle of ^(A). 

Lemma 6.1. X{A) is Hausdorff. 

Proof. Let [x] and [y] be points in ^(A) represented by x, y G U{T,). If [x] and [y] 
are contained in a same local chart, they can be separated by open neighborhoods 
since the chart is homeomorphic to C". Suppose x is contained in U{I) \ U{J) and 
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y is contained in U{J) \ U{I). Since dimZ6/ fl Zbj < n — 1, there is an element 
aeW such that 

iJ+ := {6 G M" I (a, b) > 0} D Zbi, R- := {6 G R" | (a, b) < 0} D Zbj, 
and H+ f] Zbj = n Zbj = Zbj n Zbj. 

We define /i : ^ M>o and /s : t/( J) ^ M>o by 



:= JJ|2;fc|<'''*'=> and f2{zi, . . . , z^) ■.= Y[ 



m 



k=l k=l 



Both functions are well-defined (because {a,bi) > for i G / and —{a,bj) > for 
j G J) and invariant under the action of KerA by (14. 3p . Moreover /i = /2"^ on 
U{I) n U{J). Therefore, /i and /2 define a continuous function 

/i : (f/(/) U f/(J))/Ker A ^ [0,oo]. 

Since x = (xi, . . . ,0;™) is contained in U{I)\U{J), Xi = for some i G / \ J by 



[T]) while (a, 6j) is positive for any z G / \ J by the choice of a. Thus fi{x) = and 



hence (/i U /a ^){[x]) = 0. Similarly, since f2{y) = 0, we have (/i U /a ^)([2/]) = 00. 
Therefore X{A) is Hausdorff. □ 

Lemma 6.2. X(A) compact. 

Proof. We shall show that X{A) is covered by finitely many compact subsets. By 
the definition of X{A), (C*)" is naturally embedded as the open dense orbit. The 
embedding (C*)" ^(A) is given by 

(6.1) (C*)" 9 g ^ ix''H9))^eI e ^(0x^0 ^ f/(/)/Ker A C X(A), 

where / G S^") and the embedding does not depend on the choice of / as is shown 
in the proof of Lemma 15.11 We consider a subset 

n 

(6.2) Ci := {g G (C*)" | |x°^(^7)| = J] Idkr''" ^ ^ ^11 t G /}, 

k=l 

where g = ((?!,..., gn) and aj = {af^, . . . , af") G is the real part of the first 
component of aj G TZ^ = C" x Z". We also consider a surjective homomorphism 

(6.3) -log I \: g = {gi,...,gn) -logl^-l = (- log . . . , - log |5(„|) 

from (C*)" to M". It follows from and that (af, - log |^|) > if and only 
if (7 G C/. Hence 

(6.4) C, = (-log| \)-\Zbj). 
Since A is complete, this shows that 



(6.5) (C*)"= U Cj and hence X{A) = [j ipj\xi{Ci)) 
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where ^fj^oxi is the embedding of (C*)" into X(A) in (16. ip . The closure ipJ^{xi{Ci)) 
is a compact subset of ?7(/)/ker A, that is homeomorphic to the polydisk {(wi)ie/ G 
I < 1 for Vi G /} via (fj by (16. 2p . Hence ^(A) is compact. □ 

Corollary 6.3. X{A) with the local charts {(f/(/)/ Ker A, y?/)} is a topological toric 
manifold. 

Proof. By Lemmas l6.ll and f6.2I X (A) is Hausdorff and compact and then Lemmas 15. II 
and 15.21 show that X{A) is a topological toric manifold. □ 

The topological toric manifold X{A) associated with a topological fan A = (E, /3) 
has a canonical omniorientation. In fact, the image of 

f/(S), := f/(S) n {(^1, . . . , z„) G I = 0} 

by the quotient map U(T,) — t- t/(E)/Ker A = X{A) is a characteristic submanifold 
X{A)i of X{A) and the canonical normal orientation of to U{T,) induced 

from the i-th factor of C"* defines a normal orientation of X{A)i to X{A) through 
the projection map. This together with the orientation on X{A) (induced from the 
orientation on the open dense orbit) determines an orientation on X{A)i, thus an 
omniorientation on X{A) is assigned. 

Note that the identity (13. 2 p holds for /3j := P{i) with respect to this omniorienta- 
tion on X{A). It is also clear that the simplicial complex S(X(A)) associated with 
X{A) is the given S. For later use we will record this fact as a lemma. 

Lemma 6.4. The topological fan associated with the omnioriented topological toric 
manifold X{A) is the given topological fan A. 

Let TTj: (C*)™ — 7- C* be the projection onto the z-th factor of (C*)™ and denote 
by V{7ri) the complex one-dimensional representation space of tTj. We consider the 
diagonal action of (C*)"" on f/(S) x V{'7ii), i.e. 

(gu ■ ■ • ,fl'm)((2i, • • .,z^),w) = {{gizu . . .,g^Zm),giw) 

for {gi, ...,g.m)e (C*)™, (^i, . . . , Zm) e ?7(S), w G ^(vr,) 

and take the quotient by Ker A. Since the action of Ker A on ?7(E) is free and 
the quotient by Ker A has the residual action of (C*)™/KerA = (C*)", the first 
projection 

(f/(S) X V{TTi))/ Ker A ^ f/(S)/ Ker A = X(A) 

defines a complex (C*)"-line bundle over X{A), which we denote by Lj. On the 
other hand, since X{A) has the smooth action of (C*)", the tangent bundle rX(A) 
of X(A) is a (C*)"-vector bundle. 

Theorem 6.5. There is a canonical short exact sequence of (C*)^-vector bundles 

m 

^ C™-" ^^L,^ rX(A) ^ 

i=l 

where C™"" denotes the product bundle over X(A) with fiber C'""" on which the 
action of (C*)'^ is trivial. 
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Proof. Although our proof is essentially same as in [3l Proposition 4.5], the paper [3] 
treats quasitoric manifolds where the acting group is a compact torus; so we shall 
give the proof below for convenience sake of the readers. 

The differential of the quotient map q: — j- f/(S)/KerA = ^(A) induces a 
surjective bundle homomorphism 

dq: tU{T.) = f/(S) x C™ ^ tX{A). 

The kernel of dq is the tangent bundle along the fibers of the fiber bundle q : 11(11) — >■ 
X{A) and can be identified with the trivial bundle ?7(S) xLie(Ker A) where Lie(Ker A) 
is the Lie algebra of Ker A. Therefore we have a short exact sequence of vector bun- 
dles 

(6.6) ^ X Lie(Ker A) ^ rt/(S) = f/(S) x C" A rX(A) ^ 

where the monomorphism p above is defined by p{z,ri) = {z,7]z) where rj^ denotes 
the fundamental vector field at z associated with r] G Lie(Ker A). In fact, the short 
exact sequence (16. 6p is equivariant with respect to the natural actions of (C*)™ 
where the action of (C*)™ on Lie(Ker A) is trivial, that on C™ is the coordinatewise 
multiplication and that on tX{A) descends to the action of (C*)''"/Ker A = (C*)'". 
Taking quotients by Ker A, (16. 6 p reduces to a short exact sequence of (C*)"'-vector 
bundles 

(6.7) ^ X(A) X Lie(Ker A) ^ (t/(S) x C™)/ Ker A -> rX(A) ^ 0. 

Here X{A) x Lie(Ker A) = C""" and (f/(S) x C™)/ Ker A = L^, so implies 
the theorem. □ 



7. X{A) AS AN (S'^)"-MANIFOLD 

In this section we study the topology of X{A) as an (S*^)"- manifold. Since X{A) 
is locally equivariantly diffeomorphic to sum of complex one-dimensional represen- 
tation spaces, the orbit space X{A)/{S^)"' is a manifold with corners, so that faces 
of X(A)/(^i)" can naturally be defined. We think of X(A)/(5^)" itself as a face of 
X(A)/(^i)". 

Lemma 7.1. All faces o/X(A)/(S'^)" are contractible and the face poset ofX{A)/{S^) 
coincides with the inverse poset ofH. 

Proof. We will give a cubical complex structure which is introduced in |2l Construc- 
tion 4.8] to the orbit space X(A)/(S'^)" using the decomposition 

x{A)/{s'r= u ^j\xiicj))/is'r 

induced from the decomposition (16. 5p . For / G S*^"', we define a map 

^j:^j\xi{Cj))/{S'r^[0,lY'^ 
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as follows. For a point p in v9^^(x/(C/)) we denote its image in the quotient 
H^~[^{Xi{Ci)) / {S^Y by [p]- Then the k-ih. coordinate of i^i{\p]) is defined to be 

\(pi{p)k\ like I, 
1 if ^ /. 



Claim, ijj = on if-^\xi{Ci)) / {S^Y n ip-j\xACj))/{S^Y for any J, J G S^. 

It follows from (16. 4 p that — log|C/ fl Cj\ = Zfe/nj- This means that if G 
CiHCj, then (af,- log |^|) = (a/,-log|^|) = 0, equivalently |^|"^ = \g\^^ = 1, 

again equivalently Ix^'ls')! = = 1; i^i i G I\J and j G J\/. This implies 

that 

= {pe X(A) I |v5/(p)i| = \^j{p)j\ = 1 for any z G / \ J and j G J \ /}. 
Therefore, if G / fl J, then it follows from (15. 4p and (17. ip that 

for p G (/37^(X/(C'/)) n v9j^(xj(C*j)), where the last equality above follows from the 
fact {a{,bj) = Skj. This proves the claim. 

It follows from the claim above that the map 

U ^j:XiA)/iS'Y^{0,ir 
/est") 

is well-defined. Moreover, this map is an into homeomorphism and the image is 
determined by S. Since each ipi(^ipJ^{xiiCi)) / (S^Y) is a cone with the cone point 
(1, . . . , 1) G [0, 1]™, so is X{A)/{S^Y and hence contractible. 
Through the map tp, a face of X{A)/{S^Y can be described as 

ij{xiA)/{s'Y) n {x, = I J G J} 

for some J G S where Xj denotes the j-th coordinate of [0, 1]'". This shows that 
not only X[A)/{S^Y contractible but also all proper faces of X{A)/{S^Y are 
contractible. Moreover it shows that the face poset of X(A)/(S'^)" coincides with 
the inverse poset of S. □ 

Theorem 7.2. Let A = be a complete non-singular topological fan of dimen- 

sion n. Then the (5'"^)"'-egmfanani homeomorphism type of X{A) does not depend 
on the first components h + a/^c of /3 = (b + a/^c, v) : E^^) -> 7?." = C" x Z". 

Proof. For each / G S^"^ we regard (M>o)^ as a closed subset of C'^. Then, the 
quotient space X(A)/(5'^)'" can be regarded as a subset of X(A) by 

X{A)/{S'Y= U ¥'7'((K>o)") 
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and hence the map 

f:iS'rx{XiA)/{S'r)^XiA) 
defined by f{g,x) = gx makes sense. If f{g,x) = f{g',x') for {g , x) , {g' , x') G 
{S'^)"' X {X (A) / {S'^)"') , then x = x' and g'g~^x = x, that is, g'g~^ is an element of 
the isotropy subgroup of (S*^)" at x. Since the isotropy subgroup at x is determined 
by the face F containing x in its relative interior and the second component v of (3, 
the (S'^)"-equivariant homeomorphism type does not depend on the first component 
of /3. □ 

Remark. It is unclear that Theorem 17.21 holds even for the (5'^)"-equivariant dif- 
feomorphism type of -^(A) although one can see that the (5'^)"'-equivariant diffeo- 
morphism type of ^(A) remain unchanged through a continuous perturbation of 
the first component b + \/—lc of /3 (with S and v fixed). 

8. Classification of topological toric manifolds 

We have associated a complete non-singular topological fan A{X) to an omnior- 
iented topological toric manifold X in Section [31 Remember that omnioriented 
topological toric manifolds X and Y are isomorphic if there is an equivariant dif- 
feomorphism preserving the omniorientations and if they are isomorphic, then the 
topological fans A{X) and A(Y) associated with X and Y are equivalent, that is, 
[A(X)] = [A(y)], see Lemma [3.91 Conversely we have constructed an omnioriented 
topological toric manifold X{A) to a complete non-singular topological fan A in 
Sections IH E] and [HI So we have two correspondences in opposite directions: 

{Omnioriented topological toric manifolds of dimension 2n} 

^ {Complete, non-singular topological fans of dimension n} 

where we do not distinguish between isomorphic omnioriented topological toric man- 
ifolds and also between equivalent topological fans. We shall denote the correspon- 
dence — )■ (resp. ) above by V (resp. X). 

Theorem 8.1. The correspondences V and X are inverses to each other, so they 
are both bijections. 

Proof. Lemma 16.41 says that the composition V o X is the identity. Therefore, it 
suffices to prove that V is injective. 

Let X be an omnioriented topological toric manifold of dimension 2n. As ob- 
served in Lemma [3.4[ the associated topological fan A{X) determines the complex 
n-dimensional representation space Vp for each fixed point p in X such that there 
is an equivariant diffeomorphism to the invariant open neighborhood Op preserv- 
ing the omniorientations, where the omniorientation on Vp is the one induced from 
the complex structure on Vp and that on Op is the one induced from X. Choose 
a point L in the open dense orbit in X. We may assume that the omniorienta- 
tion preserving equivariant diffeomorphism Op ^ Vp, denoted by ipp, sends t to the 
point Ip := (1, . . . , 1) e Vp{= C") for each p if necessary by composing an auto- 
morphism of Vp given by an element of (C*)". Therefore, the transition function 
ifq o Lp~^: ^p{Op n Oq) — '^q{Op fl Oq) for q E X^'^'">" maps Ip to Ig. Since the 
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transition function is equivariant and defined on a dense subset of Vp, such a map is 
unique. This shows that X is determined by the associated topological fan A{X), 
which means the injectivity of V. □ 

Corollary 8.2. Two omnioriented topological toric manifolds X and Y are equiv- 
ariantly diff'eomorphic {resp. equivariantly homeomorphic) if and only if [A{X)]d = 
[AiY)]n (resp. [A(X)]h = [A(F)]h). 

Proof. The "only if part is proved by Lemma [3^ Suppose [A(X)]i5 = [A(F)]d. 
Then, changing the orientations on the characteristic submanifolds of X if necessary, 
we may assume that [A(X)] = [A(y)]. Then it follows from Theorem 18.11 that X 
(with the changed omniorientation) and Y are isomorphic, in particular they are 
equivariantly diffeomorphic. 

Now suppose [A(X)]// = [A(y)]//. Then, changing the local coordinates of X 
and Y through equivariant homeomorphism, one sees that there is a topological toric 
manifold X' such that X' is equivariantly homeomorphic to X and [A(X')] = [A(y)] 
by Lemma 12.71 Then X' and Y are isomorphic by Theorem 18.11 and hence X and 
Y are equivariantly homeomorphic. □ 

Remember that the orbit space X/{S^)"' of a topological toric manifold X by 
the restricted action of (S^)"' is a manifold with corners. Since we may assume 
that X is of the form X{A) by Theorem 18. H it follows from Lemma [7.11 that every 
face of X/(S'^)" (even X/{S^)"' itself) is contractible and any intersection of faces 
is connected unless it is empty. Therefore the following proposition follows from 
Corollary 7.8 and Theorem 8.3 in [T^ . 

Proposition 8.3. Let X be an omnioriented topological toric manifold and let 
A{X) = (S(X),/3(X)) be the complete non-singular topological fan associated with 
X . We may assume that the vertex set 'Z^^\X) o/S(X) is [m] and express l3(X)(i) = 
{bi{X) + y/^Ci{X),Vi{X)) e X Z'^ for i e [m] = EW(X). Then 

H*{X;Z) = Z[fi,,...,fi^]/I 

where /ij G i/^(X;Z) and I is the ideal generated by the following two types of 
elements: 

(1) n,^//^. /or/^S(X), 

(2) YhLA^^ Vi{X))^i for any n G Z". 

Here fii is actually the Poincare dual of the characteristic submanifold Xi in X . 

Remark. Since the homeomorphism type of X does not depend on the bi{X) + 
V— lCj(X)'s by Theorem 17. 2[ they should not appear in the expression of H*{X; Z) 
as above. When X is a toric manifold. Proposition 18.31 is well-known as Jurkiewicz- 
Danilov's Theorem (see p. 134 in |15j). 

As mentioned in Proposition 18. 3[ /ij is the Poincare dual of Xi in X. On the other 
hand, we may assume X = X{A) by Theorem 18.11 where A = A{X). Then it is 
not difficult to see that the complex line bundle Li over X{A) in Theorem 16.51 is 
an extension of the normal bundle Ui of Xi = X{A)i as real vector bundles. This 
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implies that the total Pontrjagin class of Lj is given by 1 + fij. Thus the following 
proposition follows from Theorem I6.5[ 

Proposition 8.4. Let the situation and the notation be the same as in Proposi- 
tion \8.3[ Then the total Pontrjagin class of X is given by YYiLii^ + f^D- 

9. The Barnette sphere 

We say that an abstract simplicial complex S is the underlying simplicial complex 
of a (topological) toric manifold X if S = An abstract simplicial complex 

whose geometric realization is homeomorphic to d-sphere S"^ is called a simplicial 
d-sphere. If S is the underlying simplicial complex of a topological toric manifold 
of dimension 2n, then E is a simplicial (n — l)-sphere. However, the converse does 
not hold in general, see Proposition A.l in the appendix. 

The boundary complex of a simplicial n-polytope is a simplicial {n — l)-sphere. 
Such a simplicial sphere is called polytopal. It is known that any simplicial (i-sphere 
is polytopal when d < 2 but there is a non-polytopal simplicial (i-sphere when 
d > 3. D. Barnette ([1]) found a non-polytopal simplicial 3-sphere (now known 
as the Barnette sphere) with 8 vertices. Any simplicial 3-sphere with less than 8 
vertices is polytopal and there are exactly two non-polytopal simplicial 3-spheres 
with 8 vertices. The Barnette sphere is one and the other one is called the Briickner 
sphere, see [IS], p. 143]. 

We recall the Barnette sphere, see [1] for the details. A d-diagram is a cell complex 
consisting of a collection of (i-polytopes and their faces satisfying certain conditions. 
Figure [2] is a 3-diagram consisting of 8 vertices ei, 62, 63, 64, di, (i2, (is, (^4 and 18 3- 
simplices which are No.l - No. 18 in Table [1] The Barnette sphere is obtained by 
gluing another 3-simplex along the boundary of the 3-diagram, so that it has 19 
3-simplices and the glued 3-simplex is No. 19 in Tabled] 
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Figure 2. 3-diagram of the Barnette sphere 

Theorem 9.1. The Barnette sphere can be the underlying simplicial complex of a 
topological toric manifold but cannot be that of a toric manifold. 
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No 


simplex 


sign 


No 


simplex 


sign 


No. 


simplex 


sign 


No. 


simplex 


sign 


1 


61626364 


+ 


6 


^1^26364 


+ 


11 


^16263(^2 


+ 


15 




+ 


2 


1^1626364 




7 


61^2^^364 


+ 


12 


6162(^1^4 


+ 


16 


^162^2(^4 


+ 


3 


61^26364 




8 


^162^364 


+ 


13 


61^363^4 


+ 


17 


^3 6/2 63^4 


+ 


4 


6162^364 




9 


61^263^ 


+ 


14 


^26263(^4 


+ 


18 


^16/2^364 




5 


616263^4 




10 


eie2C?3(ii 


+ 








19 


d\d2 d^^d^ 


+ 



Table 1. 3-simplices in the Barnette sphere 



Proof. The Barnette sphere is known to be the underlying simplicial complex of 
an ordinary complete fan over M (see |9], §5, Chapter III]). We assign each vertex 
of an arbitrary non-zero edge vector of the fan on which the vertex lies. This 
defines a function b: S^'' — )■ M^. We also define a function v. S^^^ ^Z^by assigning 
the standard basis vectors of to the vertices ei, 62, 63, 64 in this order and 



"1" 




"1" 




'0 




"1" 





, v{d2) = 


1 


, v{d3) = 


1 


, ^(^4) = 


1 


1 





1 


1 

















1 



One can easily check that this satisfies the non-singular condition in the topological 
fan. Therefore, if we define /3 = {b,v), then (S^,/?) is a complete non-singular 
topological fan so that is the underlying simplicial complex of the topological 
toric manifold associated with (Sb,/3). This proves the former part of the theorem. 

We shall prove the latter part of the theorem. Suppose that is the underlying 
simplicial complex of a toric manifold. Then the primitive edge vectors in the fan 
of the toric manifold define a function v: S^'' — Z^ which satisfies not only the 
non-singular condition 

det[v{pi),v{p2),v{p3),v{p^)] = ±1 for any 3-simplex {pi,P2,P3,P4} in 

but also the condition 

(9.1) det[v{pi),v{p2),v{p3),v{p4)] = - det[v{pi),v{p2),v{p3),v{p^)] 

for any two 3-simplices {pi,P2,P3,P4} and {^1,^2,^3,^4} in sharing a 2-simplex 
(that is {pi,P2,P3} in this case). 

Through a modular transformation of Z^, we may assume that the function v takes 
the standard basis vectors of Z^ at the vertices 61,62,63,64 in this order. Then it 
follows from (19. ip that the signs of the determinants corresponding to the 3-simplices 
in are as in Table [U We write 



v{di) = [dii, di2, di3, di4f for i = 1,2, 3, 4. 
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Claim 1. The following equations must hold. 



(9.2) 
(9.3) 
(9.4) 
(9.5) 
(9.6) 
(9.7) 



da = — 1 


dji + di/^dji = — 1 
dji + dj/^d^i = — 1 
d^j — dijdkAdik = 1 
di2.d-i2d2i + dud23d3i = 0. 



for 



for z = 1,2,3,4 
for (z,j) = (l,2),(2,3),(3,l) 
for (2,j) = (l,2),(2,3),(3,l) 
for (z,j) = (l,2),(2,3),(3,l) 
(z,j. A;) = (1,2, 3), (2, 3,1), (3, 1,2) 



dii 











di2 


1 








di3 





1 





di4 








1 



The equations above follow by calculating the determinants corresponding to the 
18 3-simplices in except the 3-simplex No. 19. We shall briefly explain how we 
obtain them. First, the equations (19.21) follow from the 3-simplices No. 2-5. For 
instance, we obtain from No. 2 that 



du- 



Because of (19. 2p . we substitute —1 for da in the following. Then the equations (19. 3p 
follow from the 3-simplices No. 6-8. For instance, we obtain from No. 6 that 



1 — (il2C?21; 



which shows di2d2i = 0. Similarly, the equations (19. 4p and (19. 5p follow from the 
3-simplices No. 9-11 and No. 12-14 respectively. For instance, we obtain from No. 9 
and 12 that 
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-1 








di3 
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du 
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d2i 
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C?34 



^34 



d32d 



32"245 



1 





-1 


du 
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di2 


d42 








di3 


(^43 








du 


-1 



-d 



13 



didd. 



14"43- 



The equations (19. 6 p follow from the 3-simplices No. 15-17. For instance, we obtain 
from No. 15 that 



1 -1 

di2 

di3 
du 

di2 + i 
di2 — d 



d^i 

dA2 
dA3 

-1 



dl2 + dudA3d32 + d34d42di3 + dud42 — di2d34d43 + di3d32 
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d3i 

d32 
-1 

d34 

1 ~ '^13)c^32 + '^34'^42'^13 + 

d42 ~ dud^^d^^ 



d34dl3)d42 — (ii2C?34'^43 + '^13'^32 



TOPOLOGICAL TORIC MANIFOLDS 



31 



-1 


d2i 


d3i 







-1 


d32 





di3 


d23 


-1 





du 


d24 


(^34 


1 



where we used (19.41) and fl9.5p for (z, j) = (3, 1) at the third equahty above. Finally 
the equation fl9.7p follows from the 3-simplex No. 18: 



-1 + di3d32d21 + (il2C?23C^31 + C?13C?31 + 1^2342 + C?12<i21 



— — 1 + (^13^32^21 + 'il2'^23'^31 

where we used (19. 3 p at the last equality above. This proves Claim 1. 

The desired fact that the Barnette sphere S b cannot be the underlying simplicial 
complex of a toric manifold follows once we prove the following claim. 

Claim 2. The equations (19. 3 p - (19. 7p have no integer solution. 

First we note that the equations (19. 3 P and (19. 7p imply that 

(9.8) disd32d2i = and rfi2ii23C?3i = 0. 

Therefore 

D := ^{dji I dji = for G {(1,2), (2,3), (3, 1)}} is either 1, 2 or 3. 

We shall observe that this does not occur, which implies the claim. 

(1) The case where D = 3. In this case, it follows from (19. 4p and (19. 5 p that 
dji = —1 and d/^i = 1 ior 1 < i, j < 3. Substituting these in (19. 6p and using dji = 
for (z, j) = (1, 2), (2, 3), (3, 1), we get dij = 1 for (z, j) = (1, 2), (2, 3), (3, 1). However 
this contradicts the fact ^12^23^31 = in (19. 8p . 

(2) The case where D = 1 or 2. In this case dji 7^ and dj/i^ = for some 

and in {(1, 2), (2, 3), (3, 1)}. Because of symmetry of the suffixes, we may 

assume that ^32 7^ and di3 = without loss of generality. Then ^23 = from (19. 3p 
with (z,j) = (2,3) and (ii4 = —1 from (19. 4 p with (z,j) = (3,1), and then ^43 = 1 
follows from (19. 5 p with = (3, 1). However these values do not satisfy (19. 6p with 
{i, j, k) = (2, 3, 1). This completes the proof of the claim and hence the theorem. □ 

The following corollary gives evidence that topological toric manifolds are much 
more abundant than toric manifolds. The reader will find another evidence at the 
end of Section [TTl 

Corollary 9.2. If n > A, then there are infinitely many simplicial {n — l)-spheres 
each of which can be the underlying simplicial complex of a topological toric manifold 
but cannot be that of a toric manifold. 

Proof. We do not use the 3-simplex No. 19 in the proof of Theorem 19.11 Therefore 
the proof also shows that any simplicial complex obtained by performing stellar 
subdivisions on the 3-simplex finitely many times cannot be the underlying simplicial 
complex of a toric manifold. On the other hand, any such simplicial complex can 
be the underlying simplicial complex of a topological toric manifold by Lemma 
A. 2 in the appendix. This together with Lemma A. 3 in the appendix implies the 
corollary. □ 
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10. Relation with quasitoric manifolds 

Two topological analogues of a toric manifold are known so far. One is what 
is now called a quasitoric manifold introduced by Davis- Januszkiewicz [S] and the 
other is a torus manifold introduced by Masuda [13] and Hattori-Masuda [TT]. We 
will discuss the relation of topological toric manifolds with quasitoric manifolds in 
this section and with torus manifolds in the next section. 

The orbit space of a toric manifold X by the restricted action of (5*^)" is often a 
simple polytope. In fact, this is the case when X is projective (since X/{S^)^ can be 
identified with the image of a moment map) or when dime X < 3 (this is trivial when 
dimcX = 1,2 and follows from a well-known theorem of Steinitz (see [TH]) when 
dim^X = 3). Davis- Januszkiewicz assert in [HI line 15 in p. 419] that the orbit space 
of a toric manifold by the action of (S*^)" can always be identified with a simple 
polytope. But this is uncertain although no counterexamples to their assertion 
are knownH Anyway, modeled by toric manifolds in algebraic geometry, Davis- 
Januszkiewicz introduced the following topological analogue of a toric manifold. 

Definition (Davis- Januszkiewicz [8]). A closed smooth manifold M of dimension 
2n with a smooth action of {S^)"' is called a quasitoric manifolc^ over a simple 
polytope Q if 

(1) the action of (S^)"' on M is locally standard, i.e. any point of M has an in- 
variant open neighborhood equivariantly diffeomorphic to an open invariant 
subset of a direct sum of complex one-dimensional representation spaces of 

(2) the orbit space M/{S^Y is the simple polytope Q. 

Remark. The restricted action of (S*^)" on a topological toric manifold X is locally 
standard so that condition (1) above is satisfied. The orbit space X/(S'^)" is a 
manifold with corners whose faces are all contractible and any intersection of faces 
is connected unless it is empty as remarked before. So it is a simple polytope when 
n < 3, so condition (2) is satisfied for any topological toric manifold X when n < 3. 
However, since suspension of a non-polytopal simplicial sphere is still non-polytopal 
(in fact, the link of each vertex in a polytopal sphere is also polytopal; but the 
link of a new vertex in the suspension of a non-polytopal simplicial sphere is the 
non-polytopal simplicial sphere), the examples in Section [9] show that there are 
topological toric manifolds which do not satisfy condition (2) when n > 4. 

Let M be a quasitoric manifold of dimension 2n with a simple polytope Q as the 
orbit space. Then there are only finitely many codimension two closed connected 
submanifolds fixed pointwise under some S^-subgroup of (5^)". These submanifolds 
are also called characteristic submanifolds of M and denoted by Mi, . . . , M^. As 
for a topological toric manifold X, the characteristic submanifolds of X are defined 

*Civan [3] claims that there exists a toric manifold of complex dimension 4 whose orbit space 
by the restricted action of {S^Y combinatorially different from any simple 4-polytope, but his 
proof is unclear unfortunately. 

''In [8] this is called a toric manifold but since this terminology was already used in algebraic 
geometry, Buchstaber-Panov [5] started using the word quasitoric manifold. 
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as codimension two closed connected submanifolds of X fixed pointwise under some 
C*-subgroup of (C*)" but they may also be defined as those submanifolds fixed 
pointwise under some S'^-subgroup of (S*^)". 

As is well-known there is a natural isomorphism 

A: Z" -> Hom(^\ (^^)") 

where Hom(S'^, (5"^)") is the group of smooth homomorphisms from to (S*^)". 
In fact, the A above maps an element q = [qi, . . . , g„) G to a homomorphism 
Xq-. ^ (5^)" sending g e to {gi\ . . . ,^'?") G (^^)". Let Vi{M) be a primitive 
vector in Z" such that Xvi{Ai) is the S^-subgroup of (S*^)'" which fixes M, pointwise. 
Note that Vi{M) is defined only up to sign so that it defines a unique element in the 
quotient Z"/{±1}. In order to avoid the ambiguity of the sign, we need to specify 
an omniorientation on M as is done for the topological toric manifolds. 
Similarly to the topological toric case, 

S(M) := {/ C [m] \Mj:=f]M,^ 0} 

is an abstract simplicial complex of dimension n — 1 and the smoothness of M implies 
the following non-singular condition: 

(10.1) {vi{M)}i(.i is a part of a basis of Z" whenever I e S(M). 

Through the quotient map M ^ Q = M/{S^)", the characteristic submanifolds 
Ml, . . . , Mm of M bijectively correspond to the facets Qi, . . . , Qm of Q. Note that 
for I C [m], 

(10.2) I G S(M) if and only if f]Qi ^ 0, 

is/ 

which means that the face poset of Q coincides with the inverse poset of S(M), in 
other words, the boundary complex of the simplicial polytope P dual to Q agrees 
with E(M). Therefore the orbit space Q contains all the information of S(M). We 
may regard the collection of the fj(M)'s as a map 

(10.3) v{M): [m] = SW(M) ^ Z"7{±1} 

sending i G [m] to Vi{M) G Z"/{±1}. 
Conversely, if there is a map 

v:[m] = S(i)(M) ^ Z'7{±1} 

which satisfies condition f llO.ip . then one can construct a quasitoric manifold M{Q, v) 
over Q depending only on Q and v (see [H Section 1.5]) and the following is known 
to hold. 

Proposition 10.1 (see Proposition 1.8 in [8]). Let M be a quasitoric manifold over 
a simple polytope Q and let v{M) he the map associated with M . Then, there is 
an equivariant homeomorphism M — )■ M(Q,w(M)) covering the identity on Q. In 
particular, the pair {Q,v{M)) determines the equivariant homeomorphism type of 
M. 
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Here is a relation between topological toric manifolds and quasitoric manifolds. 

Theorem 10.2. The family of topological toric manifolds as (S^)"' -manifolds con- 
tains the family of quasitoric manifolds up to equivariant homeomorphism. To be 
more precise, the former family agrees with the latter when n < 3 and properly 
contains the latter when n > 4 up to equivariant homeomorphism. 

Proof. Let M be a quasitoric manifold over a simple polytope Q. We put the sim- 
plicial polytope P dual to Q in MJ^ in such a way that the origin of lies in the 
interior of P and form cones by joining the origin and proper faces of P. This pro- 
duces an ordinary complete simplicial fan. We identify the boundary complex of P 
with S(M) and take any non-zero vector, denoted bi, lying on the 1-dimensional cone 
corresponding to the vertex i e E'^^)(M). We take q to be an arbitrary vector of M", 
view Vi{M) as an element of by taking a lift and set (3i{M) = (fej + i/— Iq, Vi{M)). 
Then A(M) := (S(M), /3) is a complete, non-singular topological fan, where /3 is the 
map S(i)(M) -> C" X Z" = 7^" sending i to (3i{M). The topological toric manifold 
X{A{M)) associated with A(M) is equivariantly homeomorphic to M as (S*^)"- 
manifolds by Proposition IIU.II (Note. Since there are uncountably many choices 
of the bi -\- a/— Icj, there are uncountably many such topological toric manifolds 
X[A[M)) by Theorem 18. 11 ) This proves the former statement in the theorem. 

The latter statement in the theorem follows from the Remark after the definition 
of a quasitoric manifold above. □ 

Example. Let M be a closed simply-connected smooth manifold of dimension 4 on 
which {S^y acts effectively. It follows from the classification result on such manifolds 
(see [16]) that M is diffeomorphic to S*^, a connected sum of m copies of S"^ x S"^, 
or a connected sum of k copies of CP^ and i copies of CP^, where CP^ is CP^ with 
orientation reversed. Here any values of m , k and i can occur while if M is a toric 
manifold, then M is diffeomorphic to 5*^ x S*^, CP^ or their connected sum with 
a finitely many copies of CP^. The action of {S^y on M is locally standard and 
the orbit space M/{S^y is a g-gon where g = 2 if and only if M = S"^. Therefore, 
unless M = S^, M with the action of (5^)^ is a quasitoric manifold. Theorem 
110.21 tells us that the action of (5*^)^ on M extends to an action of (C*)^ which 
locally looks like a smooth faithful representation of (C*)^ and Corollary 18.21 implies 
that there are uncountably many extended actions of (C*)^ on M up to equivariant 
diffeomorphism. 

Remark. It is natural to expect that the "homeomorphic" in Theorem 110.21 can be 
replaced by "diffeomorphic" , but for that we would need to establish the diffeomor- 
phism version of Proposition [TOTTl that the pair [Q, v{M)) determines the equivariant 
diffeomorphism type of M. 

11. Relation with torus manifolds 

A torus manifold is a closed connected orientable smooth manifold M of dimension 
2n with an effective smooth action of (5^)" having a fixed point0 Obviously a 



^In [11) an omniorientation is incorporated in the definition of a torus manifold. 
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topological toric manifold as an (S'^)"-manifold is a torus manifold and the family 
of torus manifolds is much larger than the family of topological toric manifolds as 
(5*^) "-manifolds as is seen below. 

Example. We regard 2n-sphere as the unit sphere of C" © M. Then S"^" has a 
natural action of (S^)"' defined by 

(2:1, ... , Zn, y) (fi-l^l, . . . , QnZn, V) 

where {zi,...,Zn) G C",?/ G M and ((^i, . . . , G (S*^)". This action has two 
fixed points, the north pole and the south pole, so S*^" with the action of (S*^)" 
is a torus manifold. However, S*^" for n > 2 cannot be the underlying manifold 
of a topological toric manifold by Proposition 18.31 because H*{S'^"') for n > 2 is 
not generated by degree two elements as a ring. The orbit space S'^"'/{S^)^ is an 
n- dimensional manifold with corners, see figure |3l 




The action of (S*^)" on a torus manifold M is not necessarily locally standard and 
hence the orbit space M/ (S*^)" may not be a manifold with corners, and even if the 
action is locally standard (so that M/{S^)"' is a manifold with corners), M/{S^)^ 
and its proper faces may not be contractible or may have non-trivial cohomology. 
Here are simple examples. 

Example. Torus manifolds of dimension 4 whose actions are not locally standard 
can be constructed as follows (see also [16]). Let denote the unit disc in C Let 
m be an integer greater than 1. Consider the action of {S^Y on {S^Y x given by 

(11.1) (/ii,/i2,w) ^ {gihi, g2 h2, g2^v) 

for {gi,g2) G {S^y. The isotropy subgroup at {hi,h2,v) G (5*^)^ x is trivial if 
V ^ and {l}xZ/mifw = 0. Consider the diffeomorphism 

if : d{{s^y X D^) = {sy {sy 

(/ii,/i2,tO ^ ihi,h2ir-\h2v"'). 

Then, we have 

^{{91,92) ■ {hi,h2,v)) = i9ihi,g2h2v"'~^,h^v). 
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Take any torus manifold M of dimension 4 and let be a closed equivariant 
tubular neighborhood of a free orbit of M. Thanks to the slice theorem, N is 
equivariantly diffeomorphic to {S^Y ^ ^^e action defined by 

(11.2) {gi, 5(2) ■ {h\, v) = {gih\, g2h'^, v). 

Let if) denote an equivariant diffeomorphism from to (5*^)^ x with the action 
given by f lll.2p . Then, the map ip~'^ o ip : dN d{{S^y x D^) is an equivariant 
diffeomorphism for the action given by f lll.ip . We glue M \ (Int N) and (5*^)^ x D'^ 
hj ip~^ o ijj along their boundaries, where Int N denotes the interior of A^. The 
resulting manifold 

M' = M\ (Int N) U^-io^b {S^? X 

is a torus manifold of dimension 4 having a point whose isotropy subgroup is non- 
trivial and finite. Namely, (S'^)^-action on M' is not locally standard. 

Example. Consider the standard (S'^)^-action on CP^ defined by 

[2:0, 2:1, 2:2] [zo, gizu g2Z2\ 

where [zo,zi,Z2] G CP^ and ((71, (72) G (5*^)^. This action is locally standard and 
the orbit space CP^/{S^)'^ can be identified with a triangle A. Let q: CP^ — ?■ 
CP'^/{S^y = A be the quotient map. A free (5'^)^-orbit in CP^ corresponds to an 
interior point in the triangle A through the map q. We take a closed disk Di in the 
interior of A. Note that g~^(-Di) can be identified with x [S^Y as (5'^)^-manifolds 
where (5*^)^ acts trivially on and as group multiplication on (5*^)^. We remove 
g~^(IntP'i) from CP^, where IntZ^i denotes the interior of Di. On the other hand, 
we take a closed disk D2 in a closed orientable surface with genus g > 1 and glue 
(Eg\IntZ?2) X (5*^)^ to CP^\g~^(Int Di) equivariantly along their boundary. This 
produces a torus manifold of dimension 4 whose orbit space is the connected sum of 
A with Hg at interior points. Since g > 1, the orbit space is non- acyclic, see figure IH 




Figure 4. non- acyclic orbit space with g = 2 

The following theorem from [H] clarifies the relation between the topology of a 
torus manifold M and the topology and combinatorics of the orbit space M/{S^)^. 

Theorem 11.1 (|15). Let M be a torus manifold of dimension 2n. 

(1) H°'^'^[M) = if and only if the action of (S*^)" on M is locally standard and 
M/(S^)"' is face acyclic, i.e. every face of M/{S^)"- (even M/{S^Y itself) is 
acyclic. 
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(2) H*{M) is generated by degree two elements as a ring if and only if the action 
of (S*^)" on M is locally standard and M/{S^)"' is a homology polytope, i.e. 
in addition to the face acyclicity, any intersection of faces in M/(S'^)" is 
connected unless it is empty. 

Although the family of torus manifolds is much larger than the family of topo- 
logical toric manifolds as (S*^) "-manifolds, one can associate a combinatorial object 
called a multi-fan to a torus manifold ([H], [13]), which is another generalization of 
an ordinary fan. We shall review it to compare with our topological fan. 

Let M be a torus manifold of dimension 2n. As before, a characteristic submani- 
fold of M is a codimension two closed connected submanifold fixed pointwise under 
some S'^-subgroup of (S*^)". There are only finitely many characteristic submanifolds 
in M which we denote by Mi, . . . , M^. Then the simplicial complex S(M) can be 
defined as before. An omniorientation on M is a choice of an orientation on M and 
on each Mj. Suppose M is omnioriented. Then the vectors Vi{M) for i = 1, . . . ,m 
can be defined without ambiguity of sign similarly to the topological toric case, so 
that we have a map 

v{M): [m] = S(^)(M) ^ 

sending i to Vi{M). 

Let / G T,^^\M). Then Mj := is not necessarily one point but consists 

of finitely many fixed points. For each fixed point p G Mj we have an identity 

(1L3) TpM = ^^i^i\p as real (S*^)"- representation spaces 

similarly to the topological toric case ( 13. 3p . Since M is omnioriented, both sides 
above have orientations as discussed in Section |3l We set w{p) = 1 if the orientations 
agree and w{p) = —1 if they disagree, and define 

w+{M){I) := #{p G Mj I w{p) = 1}, w-{M){I) := #{p G Mi \ w{p) = -1}, 

w{M){I) := w+{M){I) - w"{M){I) for / G S(")(M). 

When M is a topological toric manifold, M/ is one point for I G S(")(M) so that 
w{M){I) = ±1. If M is a toric manifold, then M has a canonical omniorientation 
induced from the complex structures on M and Mj's, and w{M){I) = 1 with the 
canonical omniorientation. 

Definition. A triple (S(M), v{M), w^{M)) is called the multi-fan associated to M. 

Remark. Let X be an omnioriented topological toric manifold of dimension 2n 
and let A{X) = (S(X),/3(M)) be the topological fan associated with X. Since X 
is omnioriented, one can define vj^{X) in the same way as w^{M) above. Then the 
multi-fan associated with X as an (S*^) "-manifold is the triple {'E{X),v{M),w^{X)). 
Note that one can find w^{X) from (3{X). In fact, it follows from Lemma [2.61 that 
if the determinant of the matrix formed from (viewed as a matrix of size 

2n) is positive (resp. negative), then {w~^{X){I),w~{X){I)) = (1,0) (resp. (0,1)) 
and hence w{X){I) = 1 (resp. -1) for I G S(")(X). 
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Unlike the topological toric case, the multi-fan (S(M), v{M),w'^{M)) does not de- 
termine the torus manifold M. However, it contains a lot of geometrical information 
on M because it contains the complete information on the tangential representation 
at each fixed point. For instance, important characteristic numbers of M such as 
signature, Hirzebruch Tj^-genus (or Xj^-genus) and elliptic genus can be described in 
terms of the multi-fan of M, see [11], [12], (a similar description can be found in 
[T7] and [H]). Therefore, it is possible to describe those invariants of a topological 
toric manifold X in terms of the topological fan A{X) because the topological fan 
A(X) determines the multi-fan of X as remarked above. 

For each I G S(M), we form a cone Zf/(M) in generated by the vectors 
Vi{M) for i & I. When M is a toric manifold, these cones do not overlap and 
form an ordinary complete non-singular fan associated with M. Unless M is a 
toric manifold, the cones Zvi{M) may overlap. However, they are not placed at 
random as is shown in the theorem below. In [11], the Todd genus is defined for 
an omnioriented torus manifold M in such a way that when the omniorientation is 
induced from an (S'^)"-invariant unitary (or weakly almost complex) structure, then 
our Todd genus agrees with the Todd genus of M with the unitary structure. 

Theorem 11.2 (Theorem 4.2 in [13]). Let M be an omnioriented torus manifold of 
dimension 2n and let v be a generic element in W^. Then the Todd genus T[M] of 
M is given by 

T[M] = Yl HM)iI). 

7eE("):i)eZi)7{M) 

In particular, the right hand side above is independent of the choice of the generic 
element v because so is the left hand side. 

As is well-known, the Todd genus of a toric manifold is one. This fact can also 
be seen from the theorem above because when M is a toric manifold, w{M){I) = 1 
for any / G S*^")(M) and the cones Zu/(M) do not overlap as remarked before. 
When M is a topological toric manifold, w{M)(I) = ±1 for any / G T^^^^M) 
but the Todd genus T[M] can assume any integer value. In fact, such examples are 
constructed for torus manifolds of dimension 4 in [131 Section 4] but they are actually 
quasitoric manifolds and since any quasitoric manifold is a topological toric manifold 
by Theorem 110.21 the Todd genus can assume any integer value for topological toric 
manifolds. This gives another evidence that topological toric manifolds are much 
more abundant than toric manifolds, cf. Corollary 19. 2[ 

12. Real topological toric manifolds and small covers 

One can see that the argument developed in previous sections works with C, 5^, Z 
replaced by M, S'°,Z/2 = {0,1} respectively with a little modification. In fact, 
the situation becomes simpler because any smooth group endomorphism of M* = 
M>o X 5° is of the form 

g Igl^-^y with {b, v) eRx Z/2. 
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In this section we will briefly discuss a real analogue of a topological toric manifold 
and a quasitoric manifold. 

Definition. We say that a closed smooth manifold Y of dimension n with an effec- 
tive smooth action of (M*)" having an open dense orbit is a (compact) real topological 
toric manifold if it is covered by finitely many invariant open subsets each of which 
is equivariantly diffeomorphic to a direct sum of real one-dimensional smooth rep- 
resentation spaces of (M*)". 

Similarly to the topological toric case, one can define characteristic submanifolds 
Yi, . . . , Ym of y, each of which is a codimension one connected closed submanifold 
fixed pointwise under some M*-subgroup of (M*)", and associate a combinatorial 
object A(F) = (S(r),^(r)). Here 

S(F) := {/ C [m] | := p| 7^ 0} U {0} 

and 

P{Y): [m] = ^ (Z/2)" 

which sends i G [m] to the M*-subgroup of (M*)" fixing Yi through a natural isomor- 
phism 

Hom(M*, (M*)") ^ X (Z/2)". 

Definition. Let S be an abstract simplicial complex of dimension n — 1 (with the 
empty set added) and let 

S^^) ^ M" X (Z/2)". 

We express /3(z) = A = {k,Vi) G M" x (Z/2)". Then a pair A = (S,/3) is called a 
(simplicial) real topological fan of dimension n if the following are satisfied. 

(1) 6i's for i G / are linearly independent whenever J G S, and ZbiH/lbj = Zft/nJ 
for any I, J & S. (In short, the collection of cones Zbj for all / G S is an 
ordinary simplicial fan although the fej's are not necessarily in Z".) 

(2) Vi^s for i G / are linearly independent over Z/2 whenever J G S. 

We say that a topological fan A of dimension n is complete if IJ/es — '^'^ 
non-singular if Vi^s for z G / form a part of a basis of (Z/2)" whenever / G S. 

The argument in Sections |S] and E] works with C replaced by M and that in Section [7] 
works with replaced by S^. Therefore the results in Section |8] hold for real 
topological toric manifolds with suitable modification. One big difference between 
topological toric manifold and real topological toric manifolds is that a topological 
toric manifold is simply connected (Proposition 13. 2p while a real topological toric 
manifold is not simply connected. 

The real analogue of a quasitoric manifold is the following. 

Definition (Davis- Januszkiewicz [8]). A closed smooth manifold of dimension n 
with a smooth action of (S^)"" is called a small cover over a simple polytope Q if 

(1) the action of (5°)"" on is locally standard, and 

(2) the orbit space N/{S^)"' is the simple polytope Q. 
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As is developed in |8] , almost all arguments for quasitoric manifold work for small 
covers with 5*^ and Z replaced by and Z/2 respectively, and Proposition 110. ll 
holds for small covers with suitable modification. Thus the analogous theorem to 
Theorem 110.21 holds for real topological toric manifolds and small covers. 

A quasitoric manifold M of dimension 2n admits an involution called conjugation 
(see [8]) and its fixed point set is a small cover. However, it is not always the 
case that a topological toric manifold admits such a conjugation. We say that a 
topological fan A = where (3i = [hi + yj—lci, Vi) is involutive if q = for 

all i E Accordingly, we say that a topological toric manifold X is involutive 

if the topological fan associated with X is involutive. Note that any toric manifold 
is involutive. Suppose that our topological toric manifold X is involutive. Since we 
may assume X = X{A) by Theorem lS.H X has an involution (called the conjugation 
on X) induced from the complex conjugation on C" by Lemma [5.31 The fixed point 
set of the conjugation on X, denoted M.X, is a real topological toric manifold. Clearly 
A(MX) = (S(X),/3(X)) where f3{X) = {b{X),v{X)) e M" x (Z/2)" and v{X) 
denotes the mod 2 reduction of v{X). The authors do not know whether any real 
topological toric manifold can be realized as the fixed point set of the conjugation 
in some involutive topological toric manifold. 

Appendix 

In this appendix, we collect a few results on underlying simplicial complexes of 
(topological) toric manifolds. 

Proposition A.l. Ifn < 3, then any simplicial {n — l)-sphere can be the underlying 
simplicial complex of a topological toric manifold. However, ifn>4, then there are 
infinitely many simplicial [n — 1) -spheres which cannot be the underlying simplicial 
complex of a topological toric manifold. 

Proof. The proof is essentially same as in [S]. The proposition is clear when n < 2. 
Let S be any simplicial 2-sphere. It is isomorphic to the boundary complex of some 
simplicial 3-polytope P by a theorem of Steinitz. We put P in in such a way 
that P contains the origin of M"^ in its interior. Let Xi, . . . ,Xm be the vertices of 
P. We take bt in the definition of a topological fan to be the position vector of Xi 
in M^. On the other hand, the four color theorem ensures that one can assign one 
of four vectors 61,62,63,61 + 62 + 63, where 61,62,63 denote the standard basis of 
M^, to each vertex of P in such a way that different vectors are assigned to any two 
vertices joined by an edge in P. We take Vi to be the integral vector assigned to 
the vertex Xj. Then a pair (S,/9) with /3j = {bi,Vi) defines a complete non-singular 
topological fan of dimension 3, so that the S is the underlying simplicial complex of 
a topological toric manifold by Theorem 18.11 

The latter statement in the proposition follows from [HI Nonexample 1.22]. We 
shall reproduce the argument for the reader's convenience. For any integers m > 
n{> 2), there is an n-dimensional simplicial polytope with m vertices denoted by 
C'^{m) and called a cyclic polytope. Then the boundary complex of C^{m) cannot 
be the underlying simplicial complex of a topological toric manifold if n > 4 and 
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m > 2". The reason is as follows. Since n > 4, the 1-skeleton of C"'{m) is known 
to be a complete graph (i.e. any two vertices in C^{m) are joined by an edge), and 
since m > 2", any nonzero integral vectors assigned to the m vertices must have 
the same mod 2 reduction at some two vertices; so it is impossible to assign integral 
vectors Vi to the m vertices in such a way that they satisfy the non-singular condition 
over Z in the definition of a non-singular topological fan, see Section [31 Therefore, 
the boundary complex of C"(m) cannot be the underlying simplicial complex of a 
topological toric manifold if n > 4 and m > 2", proving the latter statement in the 
proposition. □ 

Let 0" be a simplex of maximal dimension in S. We remove a from S and add 
a new vertex, say x, and all cones in the join x * da to S, where da denotes the 
boundary complex of a. This operation produces a new simplicial complex and is 
called a stellar subdivision. 

Lemma A. 2. // a simplicial complex S is the underlying simplicial complex of 
a topological toric manifold, then any simplicial complex obtained from S by per- 
forming a stellar subdivision on S can be the underlying simplicial complex of some 
topological toric manifold, and the same statement holds for toric manifolds. 

Proof. This lemma is well-known for toric manifolds and the same argument works 
for topological toric manifolds. The argument is as follows. Let A = be a 

topological fan associated with a topological toric manifold. Let a be a simplex in 
S of maximal dimension and let S' be the simplicial complex obtained from S by 
performing the stellar subdivision of E on a. We define (3' : T,'^^^ — )■ TZ^ by 



where a'-^^ denotes the set of vertices of a. Then (S', /?') is again a complete non- 
singular topological fan so that E' is the underlying simplicial complex of the topo- 



Lemma A. 3. A simplicial complex E is the underlying simplicial complex of a topo- 
logical toric manifold if and only if so is its suspension ST,, and the same statement 
holds for a toric manifold. 

Proof. We shall prove the lemma for topological toric manifolds. The reader will 
find that the same argument will work for toric manifolds. 

Suppose that E is the underlying simplicial complex of a topological toric manifold 
X. Then the suspension S'E is the underlying simplicial complex of the product 
CP^ X X which is again a topological toric manifold with the product action, proving 
the "only if part. Conversely, suppose that the suspension S'E is the underlying 
simplicial complex of a topological toric manifold Y. Let x be a vertex of S'E 
created by the suspension, so the link of the x is E. The vertex x corresponds to 
some characteristic submanifold Yq ofY. The Yq is again a topological toric manifold 
and the underlying simplicial complex E(yo) agrees with the link of the vertex x in 
S'E which is E, proving the "if part. □ 




if i G E(i) C E'W, 

if i is the new vertex in E'*^^) , 



logical toric manifold associated with (E',/3'), proving the lemma. 



□ 
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